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Abstract
The paper presents an efficient solution to decision problems where direct partial
information on the distribution of the states of nature is available, either by observations of previous repetitions of the decision problem or by direct expert judgements.
To process this information we use a recent generalization of Walley’s imprecise
Dirichlet model, allowing us also to handle incomplete observations or imprecise
judgements, including missing data. We derive efficient algorithms and discuss properties of the optimal solutions with respect to several criteria, including Gammamaximinity and E-admissibility. In the case of precise data and pure actions the
former surprisingly leads us to a frequency-based variant of the Hodges-Lehmann
criterion, which was developed in classical decision theory as a compromise between
Bayesian and minimax procedures. We also briefly glance at the representation invariance principle (RIP) in the context of decision making.
Key words: Belief functions, coarse data, decision making, E-admissibility,
imprecise Dirichlet model (IDM), imprecise probabilities, incomplete data, interval
probability, interval statistical models, missing data, predictive probabilities,
set-valued statistical data
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Introduction

When applying the theoretical framework of decision theory to substantial science problems, decision makers typically have only limited information about
probability distributions involved in the problem, and so the analysis is associated with large uncertainty. As a result, decision makers are frequently
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confronted with the problem that the very demanding and strong conditions
of the classical probability calculus, and the decision models based on it, are
not satisfied. Then it is indispensable to ask how to take into account the
limitation of information and what conclusions can be drawn on the basis of
such limited information.
Various tools for sophisticated uncertainty representation generalizing the
common (’classical’) concept of probability can be found in the literature, including Dempster-Shafer structures [18,42], interval-valued probabilities [51],
imprecise probabilities [33,49]. The corresponding decision making models
have been developed in accordance with the different types of the uncertainty
representation (e.g., [1,3,20,36,23,37,43,47,53].) In contrast to standard decision theory, these models allow to handle partial information about the stochastic behavior of the states of nature.
Here we take explicitly into account the construction of the information and
consider decision problems where direct data on the states are available. The
data are of multinomial structure, consisting of independent categorical observations. As usual, real values can be associated with the observations as long
as the ordering in these values is not understood as providing additional information. In addition, the model also seems to be suitable for processing expert
judgements, as long as they are based on independent sources of information.
A particularly attractive feature of our method is that it will prove able to
incorporate even set-valued observations, i.e., to handle situations where the
corresponding category can not be observed exactly and is only known to
belong to a certain subset of the sample space. This is an important issue in
many applications, but up to now there is no unique terminology. Depending
on the context, different terms are common, like ’coarse data’, or ’incomplete
data’, to denote such data sets as a whole, and ’imperfect measurement’ or
’interval-valued observations’, to denote the single set-valued observations.
To process complete multinomial data a Bayesian would recommend to
use the Dirichlet model (for ease of distinction called precise Dirichlet
model (PDM) in the sequel). The PDM has been widely adapted to many
applications due to interesting statistical properties, in particular, due to the
important fact that the Dirichlet density functions constitute a conjugate
family of density functions with respect to multinomial likelihoods. A very
promising generalization of the PDM, taking into account lack of prior
information, is Walley’s imprecise Dirichlet model (IDM), (cf. [50]; for a
recent survey of applications see [7]).

This paper applies the IDM to decision making and derives simple algorithms
for computing optimal randomized and pure actions. The method developed
solves two practically important problems that can not be addressed by any of
2

the classical approaches to decision theory in a satisfying manner: First of all,
relying on the IDM enables us to take into account explicitly that the number
of judgements or measurements may be rather small, i.e. much too small for
being able to apply asymptotic arguments, based on the consistent estimation
of the distribution of the states of nature. Secondly, we allow information
about states of nature to be represented by imprecise, i.e, for instance, intervalvalued observations or measurements. It turns out that this general case can
be handled by considering a set of IDMs.
The paper is organized as follows: In Section 2 we formulate the problem under
consideration more precisely. After having recalled some basic aspects of the
imprecise Dirichlet model in Section 3, we apply it in Section 4 to the decision
problem. In Section 5 we derive algorithms to determine the optimal randomized and unrandomized actions under a pessimistic criterion relying on strict
ambiguity aversion. Section 6 extends consideration to imprecise observations
and judgements. Close relations to Dempster-Shafer decision making will be
illuminated, and a numerical example will be analyzed. Section 7 glances at
more complex decision criteria and Section 9 concludes with some final remarks.

2

Statement of the decision problem

Consider the basic model of decision theory: One has to choose an action from
a non-empty, finite set A = {a1 , . . . , ar , . . . , an } of possible actions. The consequences of every action depend on the true, but unknown state of nature
ω ∈ Ω = {ω1 , . . . , ωj , . . . , ωm }. The corresponding outcome is evaluated by
the utility function u : (A × Ω) → R, (a, ω) 7−→ u(a, ω) and by the associated
random variable u(a) on (Ω, Po(Ω)) taking the values u(a, ω). 1 Often it makes
sense to study randomized actions, which can be understood as a probability
measure λ = (λ1 , . . . , λr , . . . , λn ) on (A, Po(A)). Then u(·) and u(·) are exP
tended to randomized actions by defining u(λ, ω) := nr=1 u(ar , ω)λr . Let Λ
denote the set of all randomized actions and identify every pure action ar ∈ A
with the corresponding randomized action where λ(ar ) = 1 and λ(as ) = 0, for
all s 6= r.
This model contains the essentials of every (formalized) decision situation
under uncertainty and is applied in a huge variety of disciplines. If the states
of nature are produced by a perfect random mechanism (e.g. an ideal lottery),
and the corresponding probability mass function π(·) on the sample space Ω is
completely known, then the Bernoulli principle is almost unanimously favored.
1

Alternatively a loss function l(a, ω) is assigned, which can be embedded into the
framework proposed by setting u(a, ω) = −l(a, ω). Po denotes the power set.
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Then one chooses the randomized action maximizing the expected utility
Eπ u(a) :=

m
X

u(a, ωj ) · π(ωj )

and Eπ u(λ) :=

j=1

m
X

u(λ, ωj ) · π(ωj )

(1)

j=1

among all a ∈ A and all λ ∈ Λ, respectively. For simplicity, in the sequel the
obvious constraints λj ≥ 0 will be omitted in most places, and we often use
the following abbreviated notation
πj := π(ωj ), urj := u(ar , ωj ), ur := u(ar ), ur := min urj ,
j=1,...,m

T

ur := max urj , 1 := (1, ..., 1) .
j=1,...,m

Here we aim at developing a powerful method to solve such decision problems
when π(·) is not known, but – potentially imprecise – data from previous repetitions or expert judgements are available. If one had infinitely many – precise
– observations, one would be able to apply the Bernoulli principle based on a
consistent plug-in estimator of π(·). In applications, most often the sample size
is too small to ignore the uncertainty in the estimation of π, and alternative
methods are needed taking into account the lack of complete information explicitly. To achieve this, we base our proposal on Walley’s imprecise Dirichlet
model [50], and a recent generalization of it [46].

3

Walley’s imprecise Dirichlet model (IDM)

The observations ωj are assumed to be categorical, unordered and exchangeable. Then the corresponding multivariate random quantity nj counting the
number of occurrences of the j-th category follows a multinomial distribution
with parameter vector π. In a Bayesian setting the corresponding conjugated prior is the (precise) Dirichlet (s, t) prior distribution (e.g. [17]), where
t = (t1 , ..., tm ) is a certain element of the interior of the unit simplex denoted
by S(1, m). The parameter ti ∈ (0, 1), i = 1, . . . , m is the mean of πi under the Dirichlet prior; the hyperparameter s > 0 determines the influence of
the prior distribution on posterior probabilities. Applying Bayes’ theorem and
multiplying the Dirichlet (s, t) prior density with the multinomial likelihood
function generates the Dirichlet (N +s, t∗ ) density with t∗j = (nj +stj )/(N +s)
as the posteriori density.
An important argument against the use of the PDM is that – at least without
a huge amount of observations – inferences depend to a considerable extent
on the value of t to be fixed in advance, typically without having sufficient
information to guide the choice. Moreover, there is the desire for a model
where the predictive probabilities used in decision making directly reflect the
sample size, i.e. the amount of statistical information available.
4

Both problems are simultaneously addressed by the imprecise Dirichlet model
(often abbreviated as IDM in the sequel) as defined by Walley [50]. It avoids
unjustifiable prior choices of t by relying on the set of all Dirichlet (s, t) distributions such that t ∈ S(1, m), and the inferences depend – via the width
of the intervals for the predictive probability obtained – on the sample size.
In the IDM, there is a hyperparameter s determining how quickly upper and
lower probabilities of events converge as statistical data accumulate. s can
be interpreted as either the number of observations needed to reduce the imprecision (i.e. the difference between upper and lower probabilities) to half its
initial value, or alternatively as the virtual number of yet unseen observations.
Consequently, smaller values of s produce faster convergence and stronger conclusions, whereas large values of s produce more cautious inferences. At the
same time, according to Walley, the value of s must not depend on m or the
number of observations. A detailed discussion concerning the parameter s and
the IDM can be found in particular in [7,50].
To derive the predictive lower and upper probabilities assigned by the IDM,
let A be any non-trivial subset of the sample space Ω = {ω1 , ..., ωm }, i.e.,
A 6= ∅ and A 6= Ω, and let n(A) denote the observed number of occurrences
P
of A in N trials, n(A) = ωj ∈A nj where nj := n({ωj }). Then the predictive
probability P (A|n, t, s) under a certain Dirichlet posterior distribution is
P (A|n, t, s) =

n(A) + st(A)
,
N +s

P

where t(A) :=
ωj ∈A tj . This assignment is completed by taking
P (A|n, t, s) := 0 if A is empty, and P (A|n, t, s) := 1 if A = Ω. By maximizing and minimizing P (A|n, t, s) over t ∈ S(1, m), Walley [50] obtains the
posterior lower and upper predictive probabilities of A as:
P (A|n, s) =

n(A)
,
N +s

P (A|n, s) =

n(A) + s
.
N +s

An illuminating non-Bayesian view of this model as ²-contaminated relative
frequencies is provided by [41].

4

Decision making by using the imprecise Dirichlet model

As a preparation, let us briefly consider an approach for decision making under
the condition that π satisfies to the PDM and there are perfect observations of
states of nature, namely the numbers (n1 , ..., nm ) of occurrences of ω1 , ..., ωm
in the N trials. By relying on Bayesian methodology, the expected utility of
5

an action λ is calculated as follows:
Z

Eu(λ) =

=

m
X

m
X

S(1,m) i=1

Z

u(λ, ωi ) ·

i=1

where Ep πi =

(u(λ, ωi ) · πi ) p(π)dπ

ni +sti
,
N +s

πi p(π)dπ =

S(1,m)

m
X

u(λ, ωi ) · Ep πi ,

i=1

finally resulting in
Eu(λ) =

m
X

u(λ, ωi )

i=1

ni + sti
.
N +s

(2)

Passing over to the IDM leads to lower and upper expected utilities arising
from the following optimization problems:
Eu(λ) =

inf

t∈S(1,m)

Eu(λ),

Eu(λ) =

sup Eu(λ).

(3)

t∈S(1,m)

In literature several criteria have been suggested to compare the intervalvalued expected utility
[Eu(λ), Eu(λ)]

(4)

of actions λ (see, in particular, the recent survey by [45] as well as [48], who
both give further references). 2 Two types of criteria may be distinguished
with respect to their ordering properties. The first branch, like the criterion of
maximality (as proposed by [49]) or the concept of E-admissibility (advocated
by [34], [38]), renounces the completeness of the ordering and generalizes the
concept of admissibility by distinguishing a set of actions as being undominated, i.e. not inferior.
On the other hand, often a complete ordering of the actions is desired, and
to achieve this the interval-valued expected utility eventually has to be transformed to the real line. The most conservative choice is to be strictly ambiguity
averse, concentrating on the lower interval limit only. (Section 5 and Section 6
will rely on this criterion, while Section 7 briefly will consider alternative criteria.)

2

For rigorous axiomatic justifications of generalized expected utility in the sense
of (4) as well as different criteria derived from it see among others [21], [22] and
the work cited there. Relying on these results it is possible to extend NeumannMorgenstern and Anscombe-Aumann theory to the situation of complex uncertainty
with partial prior information.
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5

Decision making under strict ambiguity aversion

Under strict ambiguity aversion one tries to be safe in the worst situation, i.e.
one evaluates every action by its minimal expected utility among all probabilities in accordance with P (·) and P (·). Consequently, an action λ∗ is optimal
iff for all λ the inequality Eu(λ∗ ) ≥ Eu(λ) is satisfied. 3 An algorithm to
calculate λ∗ is described in
Proposition 1 The optimal randomized action λ∗ satisfying the inequality
Eu(λ∗ ) ≥ Eu(λ) for all λ is determined by solving the following linear programming problem:
4
G → max
(5)
λ,G

subject to G ∈ R, λ · 1 = 1, and for j = 1, ..., m,
Ã

!

n
m
X
1 X
G≤
λr s · ur +
uri · ni .
N + s r=1
i=1

(6)

Proof. It follows from (2) that λ∗ is found by considering
inf

t∈S(1,m)

m X
n
X

uri λr ·

i=1 r=1

ni + sti
→ max .
λ
N +s

(7)

subject to λ · 1 = 1. For solving this problem, let us adapt [1,3], who suggested
to introduce a new variable G = inf t∈S(1,m) Eu(λ). Then problem (7) is equivalent to a problem with objective function (4) and with the infinite number
of constraints
G≤

m X
n
X
i=1 r=1

uri λr ·

ni + sti
, t ∈ S(1, m),
N +s

(8)

and G ∈ R, λ · 1 = 1. Following [1,3] further, note that the constraints are
already satisfied, if they are satisfied for all extreme points of the convex
sets of distributions defined by P (·|n, s) and P (·|n, s), which are simply obtained by considering the extreme points of S(1, m). The latter have the form
3

This criterion has been proposed under different names. It corresponds to the
Gamma-Minimax criterion (as considered, e.g., in [5, Section 4.7.6]), to the Maxmin
expected utility model ([24]), to the MaxEMin criterion investigated by [31] (cf. also
[32] and the references therein) and the notion of maximinity in [49]. In the case
of two-monotone capacities it is equivalent to maximizing Choquet expected utility
(as studied, e.g., in [9]).
4 This abbreviation, which is used throughout the paper, stands for the task to
maximize the objective function G with respect to the variables λ and G.
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(1, 0, ..., 0), (0, 1, ..., 0), ..., (0, 0, ..., 1). Therefore, (8) is reduced to the set of
m linear constraints described in (6), as was to be proven. 5
Restricting λr to be either 0 or 1 optimal unrandomized actions are obtained
via
Corollary 1 The optimal unrandomized action (pure action) ak satisfying the
inequality Euk ≥ Eur for all r = 1, ..., n is determined by solving the following
problem:
Ã
!
m
X
1
s · ur +
uri ni → max
, r ∈ {1, . . . , n}.
(9)
r
N +s
i=1
It can be seen from (9) that the objective function is nothing else but a mixture
of two criteria: the criterion of maximum expected utility, with probabilities
π({ωi }) replaced by the corresponding relative frequency ni /N , and Wald’s
criterion. The weights N/(N + s) and s/(N + s), respectively, are directly connected to the uncertainty involved, depending on the hyperparameter s and
the sample size N . Consequently, when N = 0, i.e., before any observation on
the states of nature is available, Wald’s criterion is used. On the other hand,
when the sample size tends to infinity, i.e. when there are enough data to
estimate π(·) with very low variance, expected utility based on the estimate of
π(·) is used. In this sense, (9) is a frequency-based type of Hodges-Lehmann
criterion (cp. [28]), which has been proposed in classical decision theory as a
compromise between the Bayesian and the minimax approach. — As a welcome by-product, equation (9) also provides a behaviorial interpretation of
the hyperparameter s: In principle, one could develop canonical examples to
determine a decision maker’s value of s in an experimental manner.
A closer investigation of (9) shows, however, also a possibly unwanted effect:
When the utility function is such that ur is the P
same for all actions ar , then
uri ·ni
the first summand in (9) does not matter and N +s
is maximized, which
distinguishes the same action as optimal as the naive frequentist approach
where in (7) the probability π(·) is replaced by the vector of observed relative
frequencies. – Following up on this matter, note that, in principle, such a
situation can always be constructed, by adding a “bad” state of nature ω0
(like “crash of the economic system” in the example in Section 6.4) that has
constant utility u0 for all actions such that u0 < minr,i uri . This means that
– just as in minimax theory – special attention has to be paid to careful
selection of the states of nature that are taken into consideration. To turn
5

An alternative proof can rely on total monotonicity of the lower interval limit derived from the IDM and use the arguments from the more general situation
in Section 6.2, again circumventing minima by auxiliary variables. (Compare also
Proposition 3 and Footnote 9.)
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it into other – even more trenchant – words: The representation invariance
principle (RIP), which is understood as being crucial for the IDM, can not
be extended to decision making in a straightforward manner (see the brief
discussion in Section 8). As the RIP says, the lower and upper posterior and
predictive probabilities of some event A do not depend on the sample space
in which A and the previous observations are presented, but, as just argued,
the optimal action may do so.

6

Decision making under incomplete data

Now consideration is extended to the practically quite important case of imprecise observations, where observations may be too vague to be associated
with a certain singleton {ωj }. Instead it is only known that the realized state
of nature lies in some subset Ai ⊆ Ω, see, for instance, [27] for examples in the
context of biometrics. Heitjan and Rubin, who have coined the term coarsened for such data, derive in [26] – rather severe – conditions under which
the coarsening may be handled in an easy way. Blumenthal (cf. [8]) discusses
a multinomial model under the additional assumption that the probability
distribution of the coarsening process is known.
However, quite often Heitjan and Rubin’s so-called coarsening at random assumption is violated and the naive, straightforward analysis would be heavily
biased. The same applies, as the simulations in [35] show, when the typically
unknown distribution in Blumenthal’s model is misspecified. Therefore a thorough analysis without relying on unjustified assumptions is highly desirable
(see, in particular, [55] for a general framework). Several authors, among them
[44], have understood Dempster-Shafer belief functions / random sets as an
appropriate tool to model such situations: they use so-to-say empirical belief
functions (see below) based on relative frequencies of the observed subsets Ai
for the analysis. Although then imprecision in the observations is taken into
account, still a severe bias may occur, because this way to proceed neglects
– by implicitly equating relative observed frequencies and probabilities – finite sample variation, which may have, as argued above and later, a strong
distorting effect, too.

6.1 Extended empirical belief functions
In order to handle both sources of potential bias – imprecision in the observations as well as the limited sample size – we rely on a model recently developed
by [46], which, in essence, considers all multinomial models compatible with
the data and will lead to a powerful extension of empirical belief functions.
9

To be a bit more precise (for a detailed account the reader is referred to
[46]): Data consist now of ci observations of the non-empty subset Ai ⊆ Ω,
P
i = 1, ..., M , such that M
i=1 ci = N . Furthermore, it is helpful to introduce
sets Ji denoting the set of indices of states of nature belonging to Ai , i.e.
Ai = {ωj : j ∈ Ji }. Evidently the standard case is included: there all available
subsets consist of singletons, i.e., M = m, Aj = {ωj } and Jj = {j}, j =
1, ..., m. The case Ai0 = Ω for some i0 represents in a straightforward manner
cautious treatment of missing data.
Translating the situation into an urn model, we have m urns ω1 , . . . , ωm
(corresponding to the states of nature), where ωj consists of balls with number
j. Relying on the notation just introduced, we randomly choose subsets Ai
of urns and take randomly ci balls from the urns numbered by elements of
Ji . Given M , there exist different possible combinations k = 1, . . . , K of
numbers of balls taken from the urns. Denote the k-th possible vector of balls
(k)
k
by n(k) = (n1 , . . . , n(k)
m ), where nl , l = 1, . . . , m, is the number of balls with
number l drawn in the M choices, and let c = (c1 , . . . , cn ). Assuming that the
subsets Ai are independently chosen from the set of all subsets of Ω and that
the probability of selecting a ball from the j-th urn is πj , every combination
of balls produces one standard multinomial model. A number of possible
combinations of balls produce the same number of standard multinomial
models. Moreover, we can not prefer one model over another. 6
Since we have a set of vectors n(k) , then even if we know precisely the
predictive probabilities P (A|n(k) ) for every event A in Ω and every possible
vector n(k) , still we can only compute lower and upper probabilities for events
A:
P (A|c) = min P (A|n(k) ), P (A|c) = max P (A|n(k) ).
k

k

As the vectors n(k) depend on c, the resulting lower and upper probabilities
(after minimizing and maximizing P (A|n(k) )) depend on c, and so it makes
indeed sense to denote them by P (A|c) and P (A|c).
Following the same argumentation as above, using the IDM allows us - in
contrast to the PDM - to take into account lack of prior information and the
possible fact that the number of observations may be rather small. Then the
lower and upper probabilities P (A|c, s) and P (A|c, s) of an arbitrary event A,

6

It should be noted that the set of possible vectors of balls n(k) produced by setvalued observations is very closely related to the set of all possible completions of
missing attributes in models of missing data proposed by de Cooman and Zaffalon
[15,54]. Moreover, the set of possible completions of missing attributes coincide with
the set of n(k) when the observations are of a special type.
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corresponding to a index set J ⊆ {1, . . . , m}, are computed as follows:
min n(k) (A) + s ·
k

P (A|c, s) =

inf

t∈S(1,m)

t(A)
,

N +s
max n(k) (A) + s · sup t(A)
k

P (A|c, s) =
where t(A) :=

P

j∈J tj

t∈S(1,m)

.

N +s

and n(k) (A) :=

P

(k)

j∈J

nj .

It can be shown that the resulting lower and upper probabilities of A can be
obtained from the observations A1 , ...AM and c1 , ...cM as follows:
X

P (A|c, s) =

X

ci

i:Ai ⊆A

N +s

,

P (A|c, s) =

ci + s

i:Ai ∩A6=∅

N +s

.

(10)

For a closer investigation of these results, it helps to consider them within the
framework of Dempster-Shafer theory (e.g. [18,42]): With [35] we call a basic
P
probability assignment m : Po(Ω) → [0, 1], with m(∅) = 1, A∈Po(Ω) m(A) =
1 and the corresponding belief Bel(A) and plausibility P l(A) functions with
P
Bel(A) = B⊆A m(B), P l(A) = 1 − Bel(Ac ) empirical, when
m(Ai ) =

ci
N

P

based on a vector c1 , ...cM of M
i=1 ci = N observations of Ai ⊆ Ω, i = 1, ...M.,
and m(B) = 0 for the remaining events B ∈ Ω. It is easy to see that the lower
and upper probabilities (10) relate to these belief and plausibility functions in
the following way: 7
P (A|c, s) =

N · Bel(A)
,
N +s

P (A|c, s) =

N · P l(A) + s
.
N +s

Moreover, P (A|c, s) and P (A|c, s) are belief and plausibility functions again,
namely with the basic probability assignment m∗ (Ai ) = ci /(N + s) for every
Ai , m(B) = 0 for the remaining sets B ⊆ Ω and the additional basic probability assignment m∗ (A∞ ) = s/(N + s), i.e., P (A|c, s) and P (A|c, s) can be
obtained as empirical belief and plausibility functions by assuming that there
are s additional observations A∞ = Ω. With m(Ai ) = ci /N representing the
standard empirical assignment, we have m∗ (Ai ) = m(Ai ) · N/(N + s), and, for
7

A detailed study of belief functions derived from the imprecise Dirichlet model is
presented in [46].
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all A 6= Ω,
X

P (A|c, s) =

m∗ (Ai ),

i:Ai ⊆A
∗

P (A|c, s) = m (A∞ ) +

X

m∗ (Ai ),

i:Ai ∩A6=∅

which we call extended empirical belief and plausibility functions.

6.2 Decision making with extended empirical belief functions
Lev I did some changes here
Again two ways to use such information in decision making suggest themselves:
The first one uses the extended empirical belief functions from (the previous
subsection, and hlooks for every randomized
action λ at the interval-valued
i
expected utility EM u(λ) , EM u(λ) with
EM u(λ) := inf Ep u(λ)

and

p∈M

EM u(λ) := sup Ep u(λ) ,

(11)

p∈M

where M is the corresponding structure, i.e. the set of classical probabilities
dominating P (·). In this context it is very convenient to note that extended
empirical belief functions are still belief functions, and so we can use an approach based on the Choquet integral ([10],[43]), which directly relies on basic
probability assignment m∗ (·) 8 . In the situation under consideration described
by the basic probability assignment m∗ (·), this can be rewritten as follows:
Eu(λ) =

M
X
s
ck
· min u(λ, ωi ) +
· min u(λ, ωi ).
ωi ∈Ak
N + s ωi ∈Ω
k=1 N + s

The second way directly understands the situation as a collection of imprecise
Dirichlet models, where each of them is associated with an expected utility
E(k) u(λ), k = 1, ..., K according to (3). Taking the lower and upper envelope
yields
m
X

(k)

n + sti
.
Eu(λ) = min inf E u(λ) = min inf
u(λ, ωi ) · i
k t∈S(1,m)
k t∈S(1,m)
N +s
i=1
(k)

8

More precisely, two-monotonicity of the lower probability P (·) and the upper
probability P̄ (·) would be sufficient to represent expectations in the spirit of [11]
via the Moebius inverse of P (·) (cf. [10], Corollary 4), yielding for any random
variable X on Ω
X
EX =
m(A) · min X(ω).
ω∈A

A⊆Ω
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and
m
X

(k)

n + sti
Eu(λ) = max inf E u(λ) = max inf
u(λ, ωi ) · i
.
k t∈S(1,m)
k t∈S(1,m)
N +s
i=1
(k)

In general
EM u(λ) ≤ E u(λ) ≤ E u(λ) ≤ EM u(λ),

(12)

and both ways need not coincide (e.g. Walley(1991...***)). Here, however, we
obtain
Proposition 2 With the notations from ***
EM u(λ) = E u(λ)

and

E u(λ) = EM u(λ)

Proof. According to (12), it is sufficient to show EM u(λ) ≥ E u(λ), done by
£
¤
constructing a constellation where E(k) u(λ) = EM u(λ).
E u(λ) , E u(λ) with
E u(λ) := . . . ∗ ∗ ∗

and

E u(λ) := . . . ∗ ∗ ∗ .

Remark 1 The above results could be also obtained without using the argumentation via belief functions. Indeed, the set of
multinomial models considered in Subsection 6.1 produces a corresponding set of expected utilities , such that the lower expected
utility is This way to look at the problem leads to the same results, but it allows us to get several forms of linear programming
problems for computing the optimal randomized action λ∗ .

Efficient handling of the resulting decision problem is summarized in
Proposition 3 If the probabilities of m states of nature are described by the
imprecise Dirichlet model with the hyperparameter s and information about
the states is represented in the form of ci observations of subsets Ai = {ωj :
P
j ∈ Ji }, i = 1, ..., M , such that M
i=1 ci = N , then the optimal randomized
∗
action λ satisfying the inequality Eu(λ∗ ) ≥ Eu(λ) for all λ is determined by
solving the following linear programming problem: 9
Ã

!

M
X
1
s · V0 +
ck · Vk → max,
λ
N +s
k=1

subject to V0 , Vi ∈ R, λ · 1 = 1,
Vi ≤

n
X

λr urj , i = 1, ..., M, j ∈ Ji ,

r=1

V0 ≤

n
X

λr urj , j = 1, ..., m.

r=1

P
The problem considered in Proposition 3 has M
i=1 |Ji |+m+n+1 linear constraints
and 2m + 1 optimization variables. (Here |Ji | denotes the cardinality of the set Ji .)
If all the subsets Ai consist of the single elements ωi , resulting in ci = ni , and
M = m, then we get back, after simple transformations, the special case studied in
Section 5.
9

13

Proof. We introduce new variables Vi = minj∈Ji u(λ, ωj ), i = 1, ..., M , and
V0 = minj=1,...,m u(λ, ωj ), and substitute them into the objective function (8).
Constraints of the optimization problem are derived from the definition of Vi ,
i = 0, ..., M .
The extension of Corollary 1 to the situation under consideration is provided
by
Corollary 2 The optimal unrandomized action (pure action) ar satisfying the
inequality Eur ≥ Euk for all k = 1, ..., n is determined by solving:
Ã

!

M
X
1
s · ur +
ck · min uri → max,
r
ωi ∈Ak
N +s
k=1

r ∈ {1, . . . , , n}.

(13)

Proof. If λr ∈ {0, 1}, then Vk = minωi ∈Ak uri and V0 = ur due to conditions
s ≥ 0 and ck ≥ 0.
Before we illustrate our approach by a short example in Section 6.4, some additional remarks may be appropriate. Firstly, in Remark 2, equivalent alternative
ways to proceed should be briefly mentioned. After that, in Section 6.3, the
advantages of the extended modelling will be demonstrated in some extreme
cases.
Remark 2 Since the information about states of nature is represented by
means of lower P (A|c, s) and upper P (A|c, s) probabilities of all events A ∈ Ω,
the decision problem can also be solved by means of the approach proposed by
[1,3], where the extreme points needed can be directly derived from the corresponding basic probability assignment m∗ (·). 10
6.3 Comparison with standard empirical belief functions
One of the main shortcomings of using standard empirical belief functions
in decision making is that they assign zero probabilities to yet unobserved
states of nature. If we had an infinite number of observations, then the fact
of zero probabilities could be accepted. However, if we have a finite number
of observations (and more often quite a small number), then this fact may
indeed lead to controversial results, as can be seen in a most pronounced way
by considering the following decision problem: A = {a1 , a2 }, Ω = {ω1 , ω2 }, the
utility function is u11 = −1000, u12 = 1, u21 = u22 = 0. Suppose that there
10

As another variant, the resulting lower and upper probabilities can be interpreted
as arising from a special type of a generalized basic probability assignment in the
sense of [4] (see also [14]), constructed from the set of IDMs that are derived from
the different possible observations.
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is only one judgment (M = 1) such that A1 = {ω2 }. Using standard belief
functions, which means to rely on s = 0, we obtain Eu1 = 1 and Eu2 = 0.
Hence the optimal action is a1 , i.e. under almost complete ignorance, where we
naturally intend to be cautious, we make the optimistic decision because the
model using standard empirical belief functions concludes that the probability
of state ω1 is 0, and so it acts as if this state could never be observed. However,
if we take s > 0, say s = 1, then Eu1 = (−1000 + 1)/2 = −499.5 and Eu2 = 0.
Hence the optimal action is a2 , showing that the IDM indeed provides a way
to avoid such overoptimistic reasoning.
A related, again rather problematic, issue of standard empirical belief functions is that the assignments do not depend on the sample size and therefore
– the potentially very high – finite sampling variation is neglected: Consider,
for instance, two samples taken from the same sample space, one with n = 2,
the other one with n = 200000. 11 If in the first case n1 = 1 = n2 , and in the
second one n1 = 100000 = n2 , then the relative frequencies for the states 1
and 2 are 1/2 each, in both cases, and therefore also the standard belief functions derived from them are the same, not distinguishing these substantially
different situations. In contrast, the extended belief function approach takes
into account that the second information is build on a much stronger basis:
the imprecision in the assignment arising from the second situation is much
less than that from the first one.
The problem becomes in particular drastic, when we return to a situation with
unobserved states of nature and consider again the numerical example given
above. If we have l identical estimates of the second state of nature, then
Eu1 = −

1000 · s
l
+
,
l+s
l+s

Eu2 = 0.

When s = 0 then neither Eu1 = 1 nor Eu2 = 0 depend on l. That is, our
decision, a2 is the same irrespective of having 1 single observation (almost
complete ignorance) or 10000 identical observations (sufficient statistical data). If we take s = 1, then a2 is only superior when l > 1000.

6.4 Numerical example
Consider the following toy example of a simplified investment decision. The
states of nature are the states of economy during one year: growth - ω1 , medium
growth - ω2 , no change - ω3 , recession - ω4 . The problem is to choose one of the
three actions with the given rates of return as shown in the body of Table 1.
11

To focus on the essential point of the argument we further assume in this example
that all observations are precise.
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Table 1
Values of the utility function urj
States of nature
Actions

ω1

ω2

ω3

ω4

bonds

a1

6

9

9

8

stocks

a2

12

7

3

−2

deposit

a3

7

7

7

7

Suppose that three experts, relying on independent sources of information 12 ,
supply the following judgments concerning the states of economy: two experts
(c1 = 2) believe that the state of economy will be “growth” or “medium
growth” (A1 = {ω1 , ω2 }), one expert (c2 = 1) supposes that the state of
economy will be “no change” or “medium growth” (A2 = {ω2 , ω3 }). So, M = 2,
N = 3.
Let us find the optimal randomized action maximizing the lower expected
utility under the condition s = 1. By using Proposition 3, we arrive at the
following problem:
1
(1 · V0 + 2 · V1 + 1 · V2 ) −→ max
λ,V1 ,V2 ,V3
3+1
subject to λ ∈ R3+ , Vi ∈ R, λ1 + λ2 + λ3 = 1 and
V1 ≤ 6λ1 + 12λ2 + 7λ3

V0 ≤ 6λ1 + 12λ2 + 7λ3

V1 ≤ 9λ1 + 7λ2 + 7λ3

V0 ≤ 9λ1 + 7λ2 + 7λ3

V2 ≤ 9λ1 + 7λ2 + 7λ3

V0 ≤ 9λ1 + 3λ2 + 7λ3

V2 ≤ 9λ1 + 3λ2 + 7λ3

V0 ≤ 8λ1 − 2λ2 + 7λ3

Hence V0 = 27/4, V1 = 27/4, V2 = 33/4, λ∗1 = 7/8, λ∗2 = 1/8, λ∗3 = 0. The
optimal lower expected utility is 7.125.
Let us now find the optimal unrandomized action: By using (13) we get Eu1 =
6.75, Eu2 = 3.75, Eu3 = 7. This implies that the third action is optimal.
It could be noted that, by taking s = 0, the optimal randomized action would
be λ∗1 = 5/8, λ∗2 = 3/8, λ∗3 = 0, with an optimal lower expected utility of 7.75.
At a first glance one might be tempted to say that the decision based on s = 0
would be better than that based on s > 0 because the lower expected utility
in the case s = 0 is larger than the lower expected utility based on s = 1.
However, as discussed in the previous subsection, this decision is incautious;
12

The assumption of independence is crucial for direct applications of the multinomial likelihood underlying the IDM. Relaxations of this assumption are currently
under investigation.

16

the model in which it is optimal neglects the fact that the number of judgments
is very small (N = 3). — The optimal unrandomized action taking s = 0 is
not unique because Eu1 = Eu3 and Eu2 < Eu1 in this case.

7

Other optimality criteria

In this paper up to now only one particular – quite pessimistic – optimality
criterion has been studied. As a considerable improvement a more complex
criterion of decision making based on a linear combination of lower and upper expectations with the so-called caution parameter η ∈ [0, 1] (cp., e.g.,
[19,39,51]) can be considered. The caution parameter reflects the degree of ambiguity aversion; the more ambiguity averse the decision maker is, the higher
is the influence of the lower interval limit of the generalized expected utility. η = 1 corresponds to strict ambiguity aversion, η = 0 expresses maximal
ambiguity seeking attitudes. Methods for the choice of η are considered in
detail by [39],[51, Chapter 2.6]. Relying on this criterion, a pure action ak is
distinguished as optimal iff for all r ∈ {1, ..., n}
ηEuk + (1 − η)Euk ≥ ηEur + (1 − η)Eur .
The lower expected utility Eur is computed by means of (13). The upper
expected utility Eur can be found in the same way as
Ã

!

M
X
1
Eur =
s · ur +
ci · max urj .
j∈Ji
N +s
i=1

Hence, with Hr := ηEur + (1 − η)Eur ,
Ã

!

µ
¶
M
X
s
1
Hr =
(ηur + (1 − η)ur ) +
ci η min urj + (1 − η) max urj
.
j∈Ji
j∈Ji
N +s
N + s i=1

It can be seen that the algorithm for computing the optimal pure action taking
into account both lower and upper expected utilities is similar to the approach
proposed in Corollary 1. However, it should be noted that the randomized
action can not be found in the same simple way; efficient algorithms for solving
this problem are currently investigated (see also, in the light of Remark 2,
Section 4 of [48]).
Of course, also criteria not necessarily producing a linear ordering of the actions deserve attention (cf. Section 4 above). [30] and [48, Section 5] propose,
independently of each other, closely related methods to determine optimal actions in the sense of [49], which can – again referring to Remark 2 – also be
used here.
17

Here I would like to give briefly our algorithm from the ISIPTA
paper on ”powerful algorithms..”
In this context it may be briefly noted that the statement made at the end of Section 5 still applies: Even under complex
criteria like E-admissibility and maximality the IDM’s property of satisfying the representation invariance principle is lost,
making the careful choice of the set Ω of possible states a delicate task. 13

8

A brief look at the representation invariance principle

Walley’s strong motivation for developing the IDM was that the inference
based on the posterior predictive probabilities should be invariant with respect to the choice of the sample space (representation invariance principle
(RIP)). 14 . In decision making the sample space plays an even more important role, and the question arises to which extent the RIP can be extended
to decision making based on lower and upper previsions. The considerations
at the end of section 5 already show that the answer cannot be affirmative
without any restriction
and the RIP cannot be literally translated to
: In this context consider also the following counterexample, which is based
on...
Two aspects have to be distinguished.
i) Enlargement of Ω by splitting up one category into several ones or reduction
of Ω by subsuming several categories into a single one
ii) Enlargement of Ω by taking into account further possible, but not yet observed states.
Some sentences missing
ad i)
13

For an easy counterexample consider also parts of the utility table from Section 6.4, based on the two different sample spaces Ω1 := {ω1 , ω2 } and Ω2 :=
{ω1 , ω2 , ω4 } and the redused set of actions A0 = {a2 , a3 }. With data c1 = c2 = 1
and s = 1 action a1 is neither E-admissible nor maximal, when Ω1 is considered,
but optimal when Ω2 is considered. — However, the violation of the RIP seems to
be milder here: actions that are optimal remain optimal when the sample space is
extended by considering (further) yet unobserved categories.
14 Even beyond this, the IDM can be shown to be in some sense the only model
that satisfies the RIP [?]***
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In the first case the sets of optimal actions remain indeed unchanged, as long
as for all actions a ∈ A the natural condition u(a, ωi ) = u(a, ωj ) holds for
all states i and j that are subsumed (otherwise it would not make sense to
subsume the states). Analogously the ability must not change when one state
is splitted up into several states.
Proposition 4 Consider a sample space Ω1 = {ω1 , ω2 , . . . , ωm } and the sample space Ω2 = {ω1 , ω2 , . . . , ωm−2 , ω} where {ω} = {ωm−1 } ∪ {ωm }. Let
n1 , . . . , nm be the number of occurrences of ω1 , . . . , ωm , define n := nm−1 + nm
and let P 1 (·) and P 2 (·) the corresponding lower probabilities derived from the
IDM based on n1 , . . . , nm and on n1 , . . . , nm−2 , n, respectively. Furthermore
consider two basic decision problems d1 = (Λ, Ω1 , u1 (·)) and d2 = (Λ, Ω2 , u2 (·))
such that u1 (λ, ωm−1 ) = u1 (λ, ωm ) = u2 (λ, ω).
Let Γi , Ei and Oi be the set of Gamma maximin actions, of E-admissible
actions and of maximal actions in the basic decision problems di , i = 1, 2.
Then
Γ1 = Γ2 ,
E 1 = E2 ,
O 1 = O2 .
Proof. The invariance in the case of the Gamma maximin criterion is obtained
from the fact that (4) is additive in ni . For E-admissibility and maximality
take an appropriate classical probability π(·) ≥ P (·) under which Eπ u(λ)∗ ≥
Eπ u(λ), for all λ or in pairwise comparisons in the case of maximality. If two
elements of the sample space are subsumed under one category this relation
is not changed and the corresponding πe (·) still dominates the ***
ad ii)
For an easy counterexample consider also parts of the utility table from
Section 6.4, based on the two different sample spaces Ω1 := {ω1 , ω2 } and
Ω2 := {ω1 , ω2 , ω4 } and the reduced set of actions A0 = {a2 , a3 }. The data
N = 2, c1 = 1, c2 = 1 lead us with s = 1 to P ({ω1 }) = P ({ω2 }) = 31 ,
P ({ω4 }) = 0 and P ({ω1 }) = P ({ω2 }) = 13 , P ({ω4 }) = 31 .
In the case of Ω = {ω1 , ω2 }, Eπ u(a2 ) > Eπ u(a3 ) for all π(·) dominating P (·).
Consequently, a2 is optimal with respect to all commonly used optimality
criteria for decision making with imprecise probabilities. However, if Ω is
enlarged to Ω0 = {ω1 , ω2 , ω4 }, then Eu(a2 ) = 17
< 7 = Eu(a3 ), and so now a3
3
is optimal with respect to the Gamma maximin criterion. Note further that
a3 now also becomes maximal and E-admissible in A0 .
As a result, optimality with respect to the Gamma maximin criterion and the
sets of E-admissible and maximal actions may change under that enlargement
of the sample, and so the careful selection of the sample space plays an important role. — Note, however, that, compared to Gamma maximinity, the
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violation of the ’decision theoretic RIP’ by the criteria of E-admissibility and
maximality is milder: actions that are optimal when Ω is considered remain
optimal after having passed over to Ω0 : In the example a2 remains optimal; in
general one obtains:
Proposition 5 Consider the IDM based on N ≥ 1 observations in a sample space Ω and let Ω0 be a superset of Ω containing a finite number of
yet unobserved categories. Furthermore, consider the basic decision problem
(Λ, Ω, u(·)) and the decision problem (Λ, Ω0 , u0 (·)) extending it in the sense
that u0 (λ, ω) = u(λ, ω) for all λ ∈ Λ, ω ∈ Ω.
0
denote the sets of E-admissible actions in the decision problem
If Ead and Ead
(Λ, Ω, u(·) and (Λ, Ω0 , u0 (·)), respectively, then
0
Ead ⊆ Ead
.

Proof. Denote the lower probability arising from the IDM with sample spaces
Ω and Ω0 by P (·) and P 0 (·), respectively. If λ∗ ∈ E then there exists a classical
probability π(·) with P (·) ≤ π(·) such that
X

u(λ∗ , ω) ≥

ω∈Ω

X

u(λ, ω)

ω∈Ω

for
all λ ∈ Λ. Now extend
π(·) to π 0 (·) on Ω0 by defining π 0 =
³
´
π(ω1 ), . . . π(ωm ), 0, 0, . . . , 0 . Since P 0 (A ∪ A0 ) = P (A), ∀A ⊆ Ω, A0 ⊆ Ω0 \ Ω,
including P 0 (A0 ) = 0, ∀A0 ⊆ Ω0 \ Ω, π(0 (·) dominates P 0 (·). Therefore, for all
λ∈Λ
X

u0 (λ∗ , ω)π 0 (ω) =

ω∈Ω0

X

u(λ∗ , ω)π(ω) + 0

ω∈Ω

≥

X

u(λ, ω)π(ω) + 0 =

X

u0 (λ, ω)π 0 (ω) ,

ω∈Ω0

ω∈Ω

and consequently λ ∈ Ead indeed. 15

15

The argumentation in the proof extends to the pairwise comparisons underlying
the criterion of maximality, suggesting an analogous result for the sets of maximal
0
. However, maximality also asks for admissibility in the
actions Emax and Emax
classical sense, and this condition may be violated by passing over from Ω to Ω0 :
Take two maximal actions a1 and a2 with u(a1 , ω) = u(a2 , ω) for all ω ∈ Ω but
0
.
u(a1 , ω 0 ) > u(a2 , ω 0 ) for all ω 0 ∈ Ω0 . Then a2 is in Emax but not in Emax

20

9

Concluding remarks

A method for decision making under imprecise information using the IDM
has been proposed in this paper. This approach can also be regarded as a
particular extension of the procedure relying on empirical belief functions.
The considered special cases and the numerical example have shown that the
method is reasonable even in cases where the number of possible imperfect
measurements or judgements is very small. De Cooman and Zaffalon (2004)
have developed a general framework for conditioning and updating under incomplete data. It could be applied to the IDM, the derivation of which is
based on Bayesian updating of all Dirichlet priors. The approach advocated
here in section 6.1 to derive the predictive probabilities based on coarse data
is certainly very similar in spirit and it will be illuminating to explore the
exact relationship in detail. Further research should also include a thorough
comparison with alternative ways to proceed. This includes firstly other approaches to derive predictive lower and upper probabilities from multinomial
observations under lacking prior knowledge ([11], [52]) and secondly an alternative decision theoretic approach where the sampling information is handled
by decision functions ([2], see also [29], [40], [25] for related issues). For the later note that – in the context considered here in contrast to classical subjective
expected utility theory based on precise prior probabilities – optimality with
respect to posterior expected utility/loss and optimality of decision functions
with respect to prior expected risk are no longer necessarily fully compatible.
Acknowledgement This paper is a revised and extended version of a paper
presented at ISIPTA ’05 (cf. [16]). - - - We thank two anonymous referees as
well as the three referees of the ISIPTA contribution and some participants of
the meeting for very valuable comments.
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