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1 Introduction
A main goal of the statistical machine learning is to predict an unobserved output
value y based on an observed input vector x. This requires us to estimate a
predictor f from training data or a set of example pairs of (x, y). A special very
important problem of the statistical machine learning is the binary classification
problem which can be regarded as a task of classifying some objects into two
classes (group) in accordance with their properties or features. In other words, we
have to classify each pattern x into one of the classes by means of a discriminant
function f . A huge number of methods have been proposed for solving the machine
learning problems last decades. However, many of them are based on restrictive
assumptions, for instance, the large amount of training data, the known type of
the noise probability distribution, point-valued observations, etc.
At the same time, real applications can not satisfy all these assumptions or
their part due to several reasons. Therefore, a huge number of methods have
been developed in order to relax at least a part of the restrictive assumptions. In
particular, classification problems with interval-valued observations were studied
by many authors (Angulo et al., 2008; Carrizosa et al., 2007; Ishibuchi et al., 1990;
Nivlet et al., 2001). A detailed analysis of different models handling missing data
in classification is also proposed by (Pelckmans et al., 2005). The classification
problem by missing data in the framework of imprecise probability theory was
studied also by (de Cooman and Zaffalon, 2004). Similar methods were proposed
also by (Corani and Zaffalon, 2008). A series of works devoted to combining
partially supervised information in classification tasks were proposed by several
authors (Come et al., 2009; Denoeux and Smets, 2006; Masson and Denoeux,
2004). The above is a very small part of the papers devoted to imprecision and
partially observed data in classification.
Sometimes, we have to classify objects by having extremely small information
about their feature. This might take place in various cases. One of the most
frequently occurring case is when we do not observe the objects, but then we have
to classify them on the basis of some limited available information. Suppose that
we manufactory reinforced concrete beams whose quality and strength depend on a
number of parameters such as the weight of reinforcement bars, concrete materials,
etc. If we have not observed or measured the parameters before, it is difficult to
reject new beams or to classify them into two classes: defective (rejected) or of
high quality, because we do not have the learning set of beams with the measured
parameters. However, if we know, for instance, how much steel have been used up
by manufacturing N beams, then we are able to evaluate the average wight of steel
in a beam.

A machine learning algorithm for classification

3

It should be noted that expert judgments are a very important part of
information, which also should be exploited. Very often, it is easy for experts
to provide judgments about some average value of a feature for every class of
objects because this information is the most simple and understandable (Lad
and Kulkarni, 2010). However, it is extremely difficult to give, for instance, the
variance and other statistical measures of random variables of interest. Therefore,
we restrict ourselves by this information and try to solve the classification problem
under this restriction. At the same time, it is easy to prove that only mean values
can not allow us to construct a classification model if features are unbounded.
Therefore, the “smallest” assumption which has to be added for getting non-trivial
estimates is finite boundary values of every feature.
In the paper, it is assumed that we know some average or mean value of every
feature. Moreover, we assume that the values of every feature are restricted by
some lower and upper bounds. In spite of the scarcity of the available information,
it can be used for constructing classifiers.
It is interesting to point out that the simplest classification algorithm
considered by (Scholkopf and Smola, 2002) in detail uses vectors of means υ and
ω of the two classes in feature space, respectively. The algorithm is based on
analyzing the distances between a vector x and two vectors of mean values of
features. The smallest distance determines the class of x. It has been noted by
(Scholkopf and Smola, 2002) that the proposed decision is the best we can do if
we have no prior information about the probabilities of the two classes.
However, the above algorithm does not use the additional information about
bounds of the features, which is often available in real applications. For instance,
by returning to the above considered example, we can assert that the wight of steel
in a beam is positive (larger than 0) and it is less than the wight of the beam.
This implies that we can use the additional information in order to improve the
classification accuracy. (Huhn and Hullermeier, 2008) illustrated how, for example,
the additional information in the form of ordinal structures can improve the
classification performances. The main idea for constructing new models taking
into account this information is the following. The mean values of features and
their boundary values produce a set of probability distributions bounded by some
lower and upper cumulative distribution functions (CDFs). This way leads to
constructing the so-called p-boxes (Destercke et al., 2008) from data. At that the
bounds for the set of probability distributions depend on unknown parameters of
a discriminant function which has to be found in order to solve the classification
problem. It should be noted that the considered set of distributions is not the
set of parametric distributions having the same parametric form as the bounding
distributions, but it is the set of all possible distributions restricted by the lower
and upper bounds. This is an important feature of the proposed approach in
this paper. Two probability distributions are selected from the p-box in order to
make a pessimistic decision, which maximize the risk function as a measure of the
classification error. In other words, the well-known minimax strategy is applied
for solving the classification problem, which appears as an insurance against the
worst case (Robert, 1994). The similar idea applied to regression models has been
considered by (Utkin, 2010), by (Utkin and Coolen, 2010).
The second idea is the following. By knowing the mean values of feature and
assuming that the discriminant function is linear, we can easily find the mean
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value of the function f and its bounds as functions of the unknown parameters w.
Therefore, the second idea is that we construct the p-boxes not for every feature
x(i) , but for the function f . As a result the bounds of the p-boxes and the bounds
of values of f become functions of the classification parameters.
The parameters w of the discriminant function are finally computed by
minimizing the upper risk measure through solving a linear programming problem.
The paper is organized as follows. A formal statement of the classification
problem is given in Section 2. In Section 3, it is considered how to extend
the standard classification problem under condition of a set of probability
distributions. The minimax strategy for decision making about parameters of
classification is studied in the same section. The question of constructing pboxes from the information about mean value of features and their bounds is
considered in Section 4. A method for computing optimal classification parameters
by solving a parametric linear programming problem is provided in Section 5.
Walley’s imprecise Dirichlet model (Walley, 1996) is proposed for computing the
prior probabilities of classes in Section 6. A numerical example is considered in
Section 7.

2 The standard classification problem
2.1 A classification problem statement
The binary-classification problem can be formulated as follows. There are
predictor-response data with a binary response y representing the observation of
classes y = −1 and y = 1. The binary-classification problem is to estimate a region
in predictor space in which class 1 is observed with the greatest possible majority.
Suppose we are given empirical data
(x1 , y1 ), (x2 , y2 ), ..., (xn , yn ) ∈ Rn × {−1, +1}.
Here x1 , x2 , ..., xn is some nonempty set of the patterns or examples; y1 , ..., yn
are labels or outputs. Below we divide the set of training data into two subsets
corresponding to yi = −1 with n−1 elements and yi = 1 with n1 elements,
respectively, n−1 + n1 = n.
Classification problem is usually characterized by an unknown CDF F0 (x, y) on
Rn × {−1, +1} defined by the training set or examples xi and their corresponding
class labels yi .
One of the possible approaches for solving the problem is the discriminant
function approach which uses a real valued function f (x, w) called the discriminant
function whose sign denoted sgn(f (x, w)) or briefly sgn(f ) determines the class
label prediction. The discriminant function f (x) may be parametrized with some
parameters w = (w0 , w1 , ..., wm ), w ∈ Λ, that are determined from the training
examples by means of a learning algorithm. So, we will write the discriminant
function as f (x, w). Moreover, we assume that the form of the discriminant
function is known and it is linear, i.e.,
f (x, w) = w0 +

m
X
i=1

wi xi , xi ∈ x.
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for the i-th element of the vector xk .

2.2 The classification problem and the mean values of features
We briefly consider the simplest classification algorithm mentioned in Section
1, which uses only mean values of features for classifying. According to
this algorithm, the vectors of means υ = (υ1 , ..., υm ) and ω = (ω1 , ..., ωm )
corresponding to two classes are computed as
υ=

1
n−1

X

1
n1

xi , ω =

i:yi =−1

X

xi .

i:yi =+1

A new point x is assigned to the class whose mean is closest. If the half way
between υ and ω lies the point c = (υ + ω)/2, then the class of x is determined as
follows:
y = sgn h(x − c), wi
= sgn (hx, ωi − hx, υi + w0 ) .
Here the canonical dot product notation h·, ·i is used for short. The parameter w0
is computed as
w0 =

1
(hυ, υi − hω, ωi) .
2

If the class means have the same distance to the origin, then w0 will vanish.
So, by having only the mean values of features, we can construct the
discriminant function.

3 The classification
distributions

problem

under

a

set

of

probability

First, we have to note that the loss function depends on the discriminant function
f . By replacing the CDF F0 (x, y) by the CDF F (f, y), we can rewrite the risk
measure as follows:
Z
R(w) =
1{sgn(f ) 6= y}dF (f, y)dy.
R×{−1,1}

Moreover, we represent the joint probability as F (f, y) = F (f | y) · P (y). Here
P (y) is the prior probability that an example x belongs to the class y.
Let us rewrite the risk measure taking into account two values of y
R(w) = P (−1)R−1 (w) + P (1)R+1 (w).
Here
Z
1{sgn(f ) 6= −1}dF (f | − 1),

R−1 (w) =
R
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Z
1{sgn(f ) 6= +1}dF (f | + 1).

R+1 (w) =
R

Suppose that the distributions F are unknown. However, we assume that some
lower and upper bounds for a set F(y) of the CDFs F (f | y) are known accurate
within w, i.e., we know the CDFs as functions of w, but w is unknown. The
corresponding lower and upper CDFs are F (f | y) and F (f | y), respectively. We
can write
F(y) = {F (f | y) | F (f | y) ≤ F (f | y) ≤ F (f | y), ∀f ∈ R}.
In other words, there is an unknown precise “true” CDF F (f | y) ∈ F(y) for
every y ∈ {−1, +1}, but we do not know it and we only know that it belongs to
the set F(y). It has been mentioned that the set F(y) is not the set of parametric
distributions having the same parametric form as the bounding distributions, but
it is the set of all possible distributions restricted by the lower and upper bounds.
The bounds of F(y) depend on the vector w. Consequently, the set F(y) is also
depends on w. However, we do not indicate this fact explicitly for short.
One of the possible strategies to derive an estimator is the minimax
(pessimistic) strategy. According to the minimax strategy, we select a probability
distribution from the set F(−1) and a probability distribution from the set F(+1)
such that the risk measures R−1 (w) and R+1 (w) achieve their maximum for every
fixed w. It should be noted that the “optimal” probability distributions may be
different for different values of parameters w. This implies that the corresponding
“optimal” probability distributions depend on w. The minimax strategy can be
explained in a simple way. We do not know the precise probability distribution
F and every distribution from F(y) can be selected. Therefore, we should take
the “worst” distribution providing the largest value of the risk measure. The
minimax criterion appears as an insurance against the worst case because it aims
at minimizing the expected loss in the least favorable case (Robert, 1994).
Since the sets F(−1) and F(+1) are obtained independently for y = −1 and
y = 1, respectively, then
R(w) =
= P (−1)

max

F (f | −1)∈F (−1)

max

F (f | y)∈F (−1)×F (+1)

R−1 (w) + P (1)

max

F (f | +1)∈F (+1)

R(w)

R+1 (w).

Here we assume that the prior probabilities are precise. However, it will
be shown below how to relax this strong assumption and to use the imprecise
probabilities.
The global minimax risk measure with respect to the minimax strategy is now
of the form:
R(wopt ) = min R(w).
w∈Λ

Let us consider in detail the first problem maxF (f | −1)∈F (−1) R−1 (w) and the
loss function L(f, −1) = 1{sgn(f ) 6= −1}. It is easy to prove that the loss function
L(f, −1) is increasing with f . Indeed, if f < 0, then sgn(f ) = −1 and L(f, −1) =
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0. If f ≥ 0, then sgn(f ) = 1 and L(f, −1) = 1. According to (Walley, 1991), this
implies that the upper bound for R−1 (w), i.e., the maximum of R−1 (w) over all
distributions from F(−1) is achieved at the distribution F (f | − 1). Hence, there
holds
Z
R−1 (w) =
1{sgn(f ) 6= −1}dF (f | − 1) = 1 − F (0 | − 1).
R

In
the
same
way,
we
can
consider
the
second
problem
maxF (f | +1)∈F (+1) R+1 (w). The function L(f, +1) in this case is decreasing.
Therefore, the upper bound for R+1 (w) is achieved at the distribution F (f | 1).
This implies that
Z
1{sgn(f ) 6= +1}dF (f | + 1) = F (0 | 1).

R+1 (w) =
R

Finally, we get the upper bound for the risk measure R(w), which is of the
form:
R(w) = P (1)F (0 | 1) + P (−1) − P (−1)F (0 | − 1).

(1)

The optimization problem for computing the optimal values of parameters w
can be written as

R(wopt ) = min P (1)F (f | 1) + P (−1) − P (−1)F (f | − 1)
w∈Λ

= max P (−1)F (f | − 1) − P (1)F (f | 1) − P (−1) = max Q(w),
w∈Λ

w∈Λ

subject to f (x, w) = 0.
Here we introduce the measure Q(w) = −R(w) for simplicity.
Now we have two tasks. First, we have to define CDFs F (f = 0 | y = 1) and
F (f = 0 | y = −1) from the available information. Second, we have to define the
prior probabilities of classes P (−1) and P (1).

4 P-boxes constructing from the mean and bounds of a random
variable
Assume that we are only given information about bounds X ∈ [a, b], and the mean
M of a random variable X such that a < M < b. (Ferson et al., 2001) considered
the “best” bounds for the CDF of X. To determine the upper bound F (x) for the
CDF we analyze the case x < M . The maximal CDF at x, that is the maximal
probability measure
 on {X ≤ x} must satisfy the condition on the average x ·
F (x) + b 1 − F (x) = M to have at least the mean M . We get




x < a,

 0,
b−M
F (x) = min 1, b−x , a ≤ x < b,


1,
x ≥ b.
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Figure 1

The lower and upper probability distributions

It should be noted that the above expression for the upper bound F (x) can be
obtained by the natural extension (Kuznetsov, 1991; Walley, 1991) which can be
represented as the following linear programming problem:
F (x) = min (c + d · M ) ,
c,d

subject to c, d ∈ R, c + d · z ≥ 1{z ≤ x}, ∀z ∈ [a, b].
The lower bound for the CDFs can be obtained in the same way by solving the
following programming problem:
F (x) = max (c + d · M ) ,
c,d

subject to c, d ∈ R, c + d · z ≤ 1{z ≤ x}, ∀z ∈ [a, b].
Hence, there holds




x < a,
 0,

x−M
F (x) = max 0, x−a , a ≤ x < b,


1,
x ≥ b.
The lower and upper CDFs are shown in Fig. 1, where M = 2, a = −1, b = 8.
The resulting bounds are optimal in the sense that they could not be any tighter
without excluding at least some portion of a CDF from a distribution satisfying
the specified constraints. However, this does not mean that any distribution
whose CDF is inscribed within this bounded probability region would satisfy the
constraints (Ferson et al., 2001). The obtained set is more rich and produces the
p-box. This leads to a more conservative and cautious solution of the classification
problem.

A machine learning algorithm for classification

9

5 The risk measure and p-boxes
5.1 The upper risk measure as a function of classification parameters
Our goal is to find the parameters w0 , ..., wm of the discriminant function
minimizing the upper bound for the risk measure R(w). In order to solve this
problem, we need to represent the upper risk measure as a function of parameters
w, and then we have to minimize the function.
We suppose that the vector of input variables (features) x = (x1 , ..., xm ) is
bounded, i.e., its every element fulfils the condition
xk ≤ xk ≤ xk , k = 1, ..., m.

(2)

Here xk and xk are lower and upper bounds for the k-th elements of the vector x.
We have denoted in Section 2 the vectors of mean values of m features by
υ = (υ1 , ..., υm ) and ω = (ω1 , ..., ωm ) corresponding to the classes with y = −1 and
y = 1, respectively. In particular, if we knew the values of features, then the mean
values of the k-th feature could be written as
υk =

1
n−

X
i:yi =−1

(i)

xk , ωk =

1 X (i)
x .
n+ i:y =1 k
i

We also denote the mean values of the function f corresponding to every class y
by My . It is assumed that υ0 = 1 and ω0 = 1 for writing below constraints for the
first moments M−1 and M1 in a more short form.
First, we represent the upper risk measure as a function of parameters w. By
using the results provided in Sections 3 and 4 and assuming that features of every
class are characterized by their mean values and by bounds of their values, we
can substitute the corresponding lower and upper CDFs for each class into (1). In
other words, we substitute the functions

f < a−1 ,


 0,

f −M−1
F (f | − 1) = max 0, f −a−1 , a−1 ≤ f < b−1 ,
(3)


1,
f ≥ b−1 ,

F (f | 1) =





f < a1 ,
 0,

1
min 1, bb11−M
,
a
1 ≤ f < b1 ,
−f


1,
f ≥ b1 ,

(4)

into the expression for R(w).
It follows from the condition (1) and the functions (3)-(4) that the upper bound
for the risk measure is




f − M−1
b1 − M1
R(w) = −P (−1) · max 0,
+ P (1) · min 1,
− P (−1).(5)
f − a−1
b1 − f
The next question is to define the parameters of the lower and upper CDFs
M−1 , M1 , a−1 , a1 , b−1 , b1 . The fact is that we do not know these parameters and
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we know only means and the corresponding bounds of the features, but not of the
function f . Therefore, it is necessary to express the above parameters through the
parameters of the features. This is a crucial point because the above parameters
are functions of parameters w0 , ..., wm of the discriminant function.
Due to the linearity of the discriminant function f , the first moments M−1 and
M1 are
M−1 = w0 +

m
X

wk υk , M1 = w0 +

k=1

m
X

wk ωk .

k=1

It is also simply to prove that a−1 = a1 = a and b−1 = b1 = b.
Let us consider different cases of the relationship between parameters if the
considered random variables.
Suppose that a < M−1 < M1 < b. Then it is easy to show that the upper bound
for the risk measure is

1
a ≤ f < M−1 ,
P (1) b−M

b−f + P (−1),

f −M−1
b−M1
−P
(−1)
+
P
(1)
+
P
(−1),
M
R(w) =
−1 ≤ f < M1 ,
f −a
b−f

 −P (−1) f −M−1 + P (1) + P (−1),
M1 ≤ f < b.
f −a
By taking into account the necessary condition for the discriminant function
f = 0 (see Section 3), we write

R(w) =




1 − P (1)M1 /b,
a ≤ 0 < M−1 ,
1 − P (−1)M−1 /a − P (1)M1 /b, M−1 ≤ 0 < M1 ,

1 − P (−1)M−1 /a,
M1 ≤ 0 < b.

We will use the measure Q(w) in place of R(w) below, which has to be
maximized over w.

5.2 Optimization problems for computing the optimal classification
parameters
Let us consider three cases of the relationship between M−1 , M1 , 0. Every
relationship produces a set of parameters w.
Case 1. M−1 ≤ 0 < M1 . In order to find the optimal values of parameters w,
we define bounding conditions, i.e., we define bounds a and b. Note that the last
expression for the risk measure deals with the bounds a and b of f , but not input
variables. Therefore, we can not write in an explicit form these bounds. At the
same time, we can write
(
a− = min w0 +
xk

m
X

)
wk xk

k=1

subject to (2).
This is the linear programming problem having m variables and 2m constraints.
This implies that m constraints are equalities, i.e., we should search the problem
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solution at a combination of boundary points xk and xk . Therefore, the bound a
satisfies the following set of constraints:
a ≤ w0 +

m
X

wk x∗k , ∀x∗k ∈ {xk , xk }.

k=1

In other words, we have 2m inequalities such that one of them is the equality. Note
that the bound a is negative. Consequently, in order to make 1 − R(w) as large as
possible, the values of |a| should be taken as small as possible. Hence, the value of
a should be taken as large as possible, but its “growth” is restricted by the above
linear constraints.
The same can be derived for the bound b which is also unknown, but it can be
found from the linear programming problem
(
)
m
X
b = max w0 +
wk xk
xk

k=1

subject to (2).
Hence, the bound b fulfils the following set of constraints:
b ≥ w0 +

m
X

wk x∗k , ∀x∗k ∈ {xk , xk }.

k=1

Note that the bound b is positive. Therefore, in order to make 1 − R(w) as large
as possible, the value of b should be taken as small as possible, but its decrease is
restricted by the above linear constraints.
Now the optimization problem for computing the optimal vector of parameters
w can be written as follows:
Pm
Pm


k=0 wk ωk
k=0 wk υk
+ P (1)
Q1 (w) = max P (−1)
w
a
b
subject to
a ≤ w0 +

m
X

wk x∗k , b ≥ w0 +

k=0

wk υk ≤ 0,

wk x∗k , ∀x∗k ∈ {xk , xk },

k=1

k=1
m
X

m
X

m
X

wk ωk ≥ 0.

k=0

Here two final inequalities correspond to conditions M−1 ≤ 0 and M1 ≥ 0.
Let us introduce the variables qk = wk /a, k = 0, ..., m, q = (q1 , ..., qm ).
Moreover, we introduce a parameter r such that r = a/b. Then we can rewrite the
above optimization problem as follows:
!
m
m
X
X
Q1 (q, r) = max P (−1)
qk υk + P (1)r
qk ωk
q

= max
q

k=0
m
X
k=0

k=0

qk (P (−1)υk + rP (1)ωk )
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subject to
1 ≥ q0 +

m
X

qk x∗k , 1 ≥ rq0 + r

k=1
m
X

m
X

qk x∗k , ∀x∗k ∈ {xk , xk },

(6)

k=1

qk υk ≥ 0,

k=0

m
X

qk ωk ≤ 0.

(7)

k=0

Since r is negative, then we can rewrite constraints (6) as follows:
m

X
1
≤ q0 +
qk x∗k ≤ 1, ∀x∗k ∈ {xk , xk }.
r

(8)

k=1

The above problem can be regarded as the linear programming problem with
the parameter r ≤ 0 which is the ratio of lower and upper bounds for f . By
changing the parameter r and by solving the linear programming problem for every
r, we can find the optimal parameters q0 , ..., qm corresponding to the largest value
of Q1 (q, r) for all r.
The objective function can be written also as
Q1 (q, r) = P (−1)M−1 /a + r · P (1)M1 /a.
Since M1 /a ≤ 0, then Q1 (q, r) increases as r decreases. This implies that we have
to decrease r. However, by decreasing r, we increase 1/r and the feasible region is
reduced. Therefore, there exists a compromised point r providing the maximum of
the objective function.
Note that it is impossible to find the optimal values w0 , ..., wm from the optimal
values q0 , ..., qm because the variable a can not be found. However, we do not need
to search for the single optimal vector w. The classification problem requires to find
a linear function f (x, w) such that its sign determines the class label prediction.
But in case of the linear discriminant function, its sign does not change when
we multiply the function by some positive number. This implies that all linear
functions f (x, w) with parameters wk = qk a, k = 0, ..., m, a > 0, can be regarded
as the discriminant functions. If we assume, for instance, w0 = 1, then there holds
a = 1/q0 , and we can compute every parameter wk = qk /q0 .
Case 2. a ≤ 0 < M−1 . Denote the corresponding measure as Q2 (w) =
P (1)M1 /b. Let us introduce the variables qk = wk /b, k = 0, ..., m. Then we get the
linear programming problem
Q2 (qopt ) = P (1) · max
q

m
X

qk ωk

k=0

subject to
1 ≥ q0 +

m
X
k=1

qk x∗k , x∗k ∈ {xk , xk },

m
X
k=0

qk υk ≤ 0.
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Case 3. M1 ≤ 0 < b. Denote the corresponding measure as Q3 (q) =
P (−1)M−1 /a. Let us introduce the variables qk = wk /a, k = 0, ..., m. Then we get
the linear programming problem
Q3 (qopt ) = P (−1) · max
q

m
X

qk υk

k=0

subject to
1 ≥ q0 +

m
X

qk x∗k ,

x∗k

∈ {xk , xk },

k=1

m
X

qk ωk ≤ 0.

k=0

Now the optimal vector qopt is defined from the condition


qopt


= arg max max max Q1 (q, r), max Q2 (q), max Q3 (q) .
q

r

q

q

6 Prior probabilities
One of the simplest ways for estimating the probabilities P (y), y = −1, 1, is their
direct computing by using the following expressions:
P (−1) = n−1 /n, P (1) = n+1 /n = 1 − P (−1).
In particular, if we do not have information about n−1 and n+1 , then the prior
probabilities of classes can be taken 0.5.
However, this way might lead to incorrect probabilities when the number of
examples n is small. For making cautious decisions, we use Walley’s imprecise
Dirichlet model (Walley, 1996) which in case of two classes is called also the
imprecise beta model. This model has been used in classification in several works,
for instance, in (Corani and Zaffalon, 2008; Zaffalon, 2002). According to this
model, the lower and upper bounds for the probability P (y) can be written as
follows:
P (y) =

ny
ny + s
, P (y) =
, y = −1, 1.
n+s
n+s

Here s is the hyperparameter of the Dirichlet distribution. According to the
work (Walley, 1996), the hyperparameter s should be taken 1 or 2. The above
expressions are obtained from the following probabilities by maximizing and
minimizing the probabilities
P (−1) =

γs + n−1
(1 − γ)s + n+1
, P (1) =
n+s
n+s

over the set of γ ∈ (0, 1).
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By using the expressions for the prior probabilities, we write the optimization
problem for the minimax strategy (Case 1)

Q(wopt ) = max max (γs + n−1 ) F (0 | − 1) − ((1 − γ)s + n+1 ) F (0 | 1) ,
w∈Λ 0≤γ≤1

subject to f (x, w) = 0.
Rewrite the objective function as follows:

Q(w) = γs F (0 | − 1) + F (0 | 1)
+ n−1 F (0 | − 1) − n+1 F (0 | 1) − sF (0 | 1).
One can see from the above expression that the maximum of Q(w) over the set
of γ is achieved at point γ = 1 and it is

Q(wopt ) = max (s + n−1 ) F (0 | − 1) − n+1 F (0 | 1) .
w∈Λ

Finally, the linear programming problem for computing the optimal parameters
wopt has the objective function
Q(w, r) =

m
X

qk ((s + n−1 ) υk + rn+1 ωk )

k=0

and constraints (7) and (8).
Similar expressions can be obtained for Case 2 and Case 3.

7 Numerical example
Let us consider a toy example in order to illustrate the programming problem
statement. Suppose that we have to reject defective wooden beams. We have three
features for classifying defective beams – the width x1 , the length x2 of a crack,
the brightness x3 of the wood. The width and the length of cracks are restricted
by the beam sizes. In particular, the width is in the interval from 0 to 0.01 meters
(x1 = 0, x1 = 0.01), the length can be from 0 to 0.5 meters (x2 = 0, x2 = 0.5).
The brightness is measured from 16 to 64 (x3 = 16, x3 = 64). Assume that prior
probabilities of classes are 0.5.
The experts provide judgments concerning the mean values of defective beams
(y = 1) and high-quality beams (y = −1):
υ1 = 0.002, υ2 = 0.1, υ3 = 38, ω1 = 0.005, ω2 = 0.3, ω3 = 54.
First, we find the parameters of the discriminant function by using the simplest
classification method described in Section 2. According to this method, we can
write that
fsimp (x, w) =

3
X
k=1

3

(ωk − υk ) xk +


1X 2
υk − wk2
2
k=1

= 0.003x1 + 0.2x2 + 16x3 − 736.05.
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In accordance with the proposed method, the parametric linear programming
problem for the case M−1 ≤ 0 < M1 is
Q1 (qopt , r) = max{q0 (1 + r) + q1 (0.002 + r · 0.005)
q

+ q2 (0.1 + r · 0.3) + q3 (38 + r · 54)}
subject to
1/r ≤ q0 + 0q1 + 0q2 + 16q3 ≤ 1,
1/r ≤ q0 + 0.01q1 + 0q2 + 16q3 ≤ 1,
1/r ≤ q0 + 0q1 + 0.5q2 + 16q3 ≤ 1,
1/r ≤ q0 + 0.01q1 + 0.5q2 + 16q3 ≤ 1,
1/r ≤ q0 + 0q1 + 0q2 + 64q3 ≤ 1,
1/r ≤ q0 + 0.01q1 + 0q2 + 64q3 ≤ 1,
1/r ≤ q0 + 0q1 + 0.5q2 + 64q3 ≤ 1,
1/r ≤ q0 + 0.01q1 + 0.5q2 + 64q3 ≤ 1,
q0 + 0.002q1 + 0.1q2 + 38q3 ≥ 0,
q0 + 0.005q1 + 0.3q2 + 54q3 ≤ 0.
The largest value 0.834 of the objective function Q1 (q, r) is achieved by r =
−0.7 at the point q0 = 1, q1 = 0, q2 = −4.857, q3 = 0 (qopt = (1, 0, −4.857, 0)).
In the second case a ≤ 0 < M−1 , the problem is
Q2 (qopt ) = max{q0 + 0.005q1 + 0.3q2 + 54q3 }
q

subject to
q0 + 0q1 + 0q2 + 16q3 ≤ 1,
q0 + 0.01q1 + 0q2 + 16q3 ≤ 1,
q0 + 0q1 + 0.5q2 + 16q3 ≤ 1,
q0 + 0.01q1 + 0.5q2 + 16q3 ≤ 1,
q0 + 0q1 + 0q2 + 64q3 ≤ 1,
q0 + 0.01q1 + 0q2 + 64q3 ≤ 1,
q0 + 0q1 + 0.5q2 + 64q3 ≤ 1,
q0 + 0.01q1 + 0.5q2 + 64q3 ≤ 1,
q0 + 0.002q1 + 0.1q2 + 38q3 ≤ 0.
The problem has the optimal solution q0 = −19/13, q1 = 0, q2 = 0, q3 = 1/26.
Hence, Q2 (qopt ) = 0.615.
In the third case M1 ≤ 0 < b, the problem is
Q3 (qopt ) = max{q0 + 0.002q1 + 0.1q2 + 38q3 }
q

16

author

subject to
q0 + 0q1 + 0q2 + 16q3 ≤ 1,
q0 + 0.01q1 + 0q2 + 16q3 ≤ 1,
q0 + 0q1 + 0.5q2 + 16q3 ≤ 1,
q0 + 0.01q1 + 0.5q2 + 16q3 ≤ 1,
q0 + 0q1 + 0q2 + 64q3 ≤ 1,
q0 + 0.01q1 + 0q2 + 64q3 ≤ 1,
q0 + 0q1 + 0.5q2 + 64q3 ≤ 1,
q0 + 0.01q1 + 0.5q2 + 64q3 ≤ 1,
q0 + 0.005q1 + 0.3q2 + 54q3 ≤ 0.
The problem has the optimal solution q0 = 1, q1 = 0, q2 = −10/3, q3 = 0. Hence,
Q3 (qopt ) = 0.666.
As a result, we get the minimax discriminant function f (x, w) = 1 − 4.857x2
because Q1 (qopt , 0.7) ≥ Q3 (qopt ) ≥ Q2 (qopt ). It follows from the result that the
second feature (the length) gives the largest value of the risk measure. If we
remove all information concerning the features x1 and x3 , then we get the same
discriminant function. It is very interesting property of the considered algorithm. It
determines that the second feature provides the largest error and then it searches
for the discriminant function minimizing this error.
In order to evaluate the proposed method, we randomly generate test data in
accordance with the uniform probability distributions having the mean values υk ,
ωk , and the bounds 2υk − xk , xk or xk , 2ωk − xk , k = 1, 2, 3. Then we exclude all
points which do not belong to the interval [xk , xk ], k = 1, 2, 3, from consideration
such that N = 10000 points remain inside the intervals [xk , xk ], k = 1, 2, 3.
Predictive performance is quantified by means of the percentage correctly classified
(PCC) on test data, also known as the overall classification accuracy, which is an
estimate of a classifier’s probability of a correct response. In other words, it is the
proportion of correctly classified cases on a sample of data. PCC is the most widely
used measure of classifier discriminatory power. Formally, it can be written as

PCC =

N
1 X
δ(yi , ti ),
N i=1

where yi is the predicted class for vector xi , ti is its true class; δ is 1 if both
arguments are equal, 0 otherwise.
The simple comparison of the standard and proposed methods can not be
correct because the proposed method uses the minimax or pessimistic strategy. It
“copes” with extreme data which locate far from the mean values. Therefore, in
order to take into account this fact, we exclude also points which lie inside the
intervals [υk − υk t, υk + υk t] and [wk − wk t, wk + wk t]. Table 1 (the second and the
third rows) shows how the PCCs for the standard method (PCC1) and for the
proposed method (PCC2) depend on t by uniformly distributed test data. It can be
seen from the table that the standard method gives almost the same classification
accuracy when t = 0. However, the proposed method is more accurate by dealing

A machine learning algorithm for classification
Table 1

17

The PCC for two classification methods by uniformly and normally
distributed random features

t
0.0
0.1
0.2
0.3
0.4
0.5
0.6

Uniform distribution
PCC1
PCC2
0.50
0.49
0.39
0.54
0.22
0.60
0.22
0.64
0.18
0.70
0.16
0.74
0.00
0.84

Normal distribution
PCC1
PCC2
0.52
0.28
0.37
0.31
0.23
0.39
0.21
0.41
0.20
0.47
0.17
0.51
0.00
0.62

with the “extreme” points. The small values of PCCs for both methods say that
the available “training” information is too partial and imprecise in order to provide
a reliable classification. Nevertheless, the additional information about the bounds
of features and the minimax strategy can significantly improve the classification
accuracy.
The forth and the fifth rows of Table 1 show similar results under
condition that test data are generated in accordance with the normal probability
distributions having the mean values υk , ωk , and the same standard deviations,
k = 1, 2, 3. It can be seen from the table that the proposed minimax strategy
can be compared with the standard method only by larger values of t. In other
words, its classification accuracy decreases in this case. The proposed model does
better for the uniformed distribution than the normal distribution because test
data governed by the normal distribution are concentrated around the mean value
of a feature. The uniformly distributed points contain a larger number of outliers.
Therefore, this distribution is closer to the worst-case probability distributions.
It can be concluded from the example that the proposed method provides
the better classification accuracy when test data are scattered and sparse for
each class. From this point of view, the method akin to the robust classification
approach where it is taken into account the fact that each point or observation
can move around within a Euclidean ball or within a box (Lanckriet et al., 2002;
Xu el al., 2009). However, the problem of determining an optimal ball radius or an
optimal box size in the robust classification is successfully solved in the proposed
method by applying sets of probability distributions consistent with the available
information about mean values of features and their bounds.

8 Conclusion
A classification problem by the extremely limited information in the form of
conditional expectations of features for every class has been studied in the paper.
Its solution is based on the pessimistic (minimax) decision strategy. However,
the optimistic (minimin) strategy can be also analyzed by means of the same
approach based on representation of the available initial information in the form
of p-boxes. Moreover, a cautious strategy as a linear “combination” of pessimistic
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and optimistic strategies with a predefined caution parameter can also be studied
in the same way. This is a direction for further research.
What are the main advantages of the proposed method? If to compare the
method with the simplest classification algorithm considered by (Scholkopf and
Smola, 2002), then it uses additional information in the form of bounds for
features, which can be very useful and can significantly improve the solution.
The proposed method has a strong probabilistic background, and this fact allows
us to use it in arbitrary applications where the initial information is scarce.
In comparison with many classification methods where additional and often
unjustified assumptions are employed, for instance, the known type of a probability
distribution of features, the proposed method does not use any assumptions. It is
based only on means of features and their bounds. Finally, it exploits the wellknown minimax strategy which has a strong explanation, and it can be extended
on a case of using different decision strategies. The minimax strategy allows us to
classify “extreme” data.
The linear discriminant function f has been used in the paper. However, it is
not difficult to show that the strong assumption of linearity of the discriminant
function can be relaxed by considering the additive model with the discriminant
function of the form:
f (x, w) = w0 +

m
X

wi ψi (xi ).

i=1

Here ψi are some functions.
When we said about the possibility to apply the expert judgments, we did not
mention that experts often prefer to provide intervals of mean values instead of
their precise values due to several reasons. Of course, the proposed approach is
simply extended on this case. The lower and upper CDFs of the corresponding pbox by interval-valued mean values of features is totally defined by bounds of the
intervals. In other words, we have to use the bounds for expectations M−1 and M1
obtained through the bounds of feature mean values. The number of constraints
in the parametric linear programming problem increases in this case.
Another direction for further research is combined methods when some features
are provided by sufficient statistical data and another part of features is described
by mean values. These methods presuppose to apply a unified representation of
different types of initial information and its incorporation into standard wellknown approaches. One of the possible ways for exploiting such the combined
information is to develop an extended Support Vector Machine (see for examples
(Chandra et. al., 2010), (Doloc-Mihu, 2011), (Xu and Wang, 2011)).
It should be also noted that the knowledge of mean values is really extremely
restrictive case. The next step which could give better (more informative)
estimates for classification is to use Chebyshev’s inequality that additionally draws
the variance or the sample variance. This is also a direction for research in future.
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