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Abstract An extension of Campbell and Bennett’s novelty detection or oneclass classification model incorporating prior knowledge is studied in the paper. The proposed extension relaxes the strong assumption of the empirical
probability distribution over elements of a training set and deals with a set
of probability distributions produced by prior knowledge about training data.
The classification problem is solved by considering extreme points of the probability distribution set or by means of the conjugate duality technique. Special cases of prior knowledge are considered in detail, including the imprecise
linear-vacuous mixture model and interval-valued moments of feature values.
Numerical experiments show that the proposed models outperform Campbell
and Bennett’s model for many real and synthetic data.
Keywords Machine learning · One-class classification · Minimax strategy ·
Novelty detection · Linear programming · Imprecise statistical model ·
Extreme points.

1 Introduction
Many authors (see, for example, [25, 29, 31]) point out that prior knowledge
about the problem domain at hand may significantly improve the performance
of classifiers in many applications. Therefore, incorporating prior knowledge
into classification models is an important problem. Prior knowledge can take
various forms, ranging from knowledge about the importance of a class, the
informativeness of features, the quality of samples, to the dependency of variables.
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One of the pioneering works devoted to incorporating prior knowledge into
classification models, in particular, into support vector machine (SVM) is by
Scholkopf et al. [36]. The authors investigate two forms of prior knowledge:
invariances under group transformations and prior knowledge about locality
in images. The first form can be viewed as an important property of decision
functions. A series of papers devoted to the invariance in kernel methods have
been published [11, 14, 19] due to importance of this prior information. The
second form of prior knowledge considers different amounts of information in
image regions.
An interesting review of various methods for incorporating prior knowledge
into SVMs was proposed by Lauer and Bloch [25]. The authors of the review
point out that prior knowledge may be a key element allowing to increase
the performance of classification in many applications. Lauer and Bloch [25]
consider different types of prior knowledge encountered in pattern recognition
by dividing them into the same two main groups: class-invariance and knowledge on the data. Another paper of Lauer and Bloch [26] explores the addition
of constraints to the linear programming formulation of the support vector
regression problem for the incorporation of prior knowledge.
Another simple and straightforward way to incorporate prior knowledge is
to assign weights to examples of a training set. The weights can be assigned to
classes in order to deal with unbalanced data (see, for example, [22, 62]). The
weights can also be assigned to every example of a training set in accordance
with predefined rules. A number of papers have been devoted to incorporating this important information [5, 17, 43, 58, 60, 61]. Authors of the work [56]
propose a method to incorporate prior knowledge of a special form into SVM.
This prior information is of the form: “for a randomly sampled unlabelled
image, before seeing any additional evidence, its label is negative with high
probability”.
An important work was proposed by Mangasarian [31] where it is shown
that prior expert knowledge can be incorporated into the classification problem
by adding constraints in a linear program corresponding to prior knowledge.
The obtained linear program is called by Mangasarian as a knowledge-based
linear program. Authors of the work [16] introduce prior knowledge in the
form of multiple polyhedral sets incorporated into a linear support vector
machine classifier. The authors provide a typical example of Wisconsin breast
cancer prognosis [27] illustrating how prior knowledge can be incorporated
into linear inequalities. The prior knowledge utilized in this example consists
of the prognosis rules provided by doctors [27] which depend on two features
from the dataset: tumor size and lymph node status. It is clearly shown in [16]
that the rules provided by doctors can be converted to linear inequalities and
are a very important and useful prior information.
Prior knowledge in the form of simple advice rules can also greatly speed
up convergence in learning algorithms. A method for incorporating this information into classification is provided by Kunapuli et al. [23]. The goal of
the work [23] is to update the hypothesis taking into account the prior knowl-
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edge in the form of soft polyhedral advice so as to make increasingly accurate
predictions on subsequent examples.
Prior knowledge concerning a specific application may also be very useful
in classification problems. For instance, prior information about different functional groups of genes which have been identified by previous studies to have
biological functions can be successfully incorporated into classifiers such that
genes from different groups have different prior distributions. Tai and Pan [44]
show that this prior information can potentially improve both the predictive
performance and interpretability of the resulting model. In order to improve
learning performance, the authors of the work [30] consider two kinds of prior
knowledge included in patent documents: patent’s publishing date and a hierarchical structure of a patent classification system. The authors of the work [33]
construct an explicitly heterogeneous kernel function by computing separate
kernels for each data type for the gene functional classification. The resulting
kernel incorporates prior knowledge about the heterogeneity of the data by
accounting for higher-order correlations among features of one data type, but
ignoring higher-order correlations across data types. This heterogeneous kernel leads to improved performance with respect to an SVM trained directly
on the concatenated data. Dayanik et al. [13] incorporate domain knowledge
into supervised learning of the text classification in a case of small and unsystematically collected training sets. The authors construct sets of words which
are good predictors for a class and combine them with training examples in
a Bayesian framework. Domain knowledge is used to specify a prior distribution for parameters of a logistic regression model. Xing et al. [59] extract
interpretable features on time series as prior knowledge for early classification.
Authors of the work [42] consider two sorts of prior knowledge in the handwritten Chinese character recognition. The first, solution knowledge, concerns
the target of learning itself and is specific to the learning task at hand, for
instance, the kernel function of an SVM. The second, domain knowledge, describes objects of the world, for example, in handwritten character recognition
one may believe that the pixels in the input images arise from strokes of a
writing implement.
Veillard et al. [53] consider prior knowledge which can be obtained as extra
advice from experts of a particular problem. They propose a method for incorporating prior knowledge via an adaptation of the standard RBF kernel. Small
et al. [39] study prior domain knowledge in the form of expert-provided ranked
labeled features. The authors propose the so-called Constrained Weight Space
SVM as an extension of the SVM by adding additional constraints to reflect
this domain knowledge. Small et al. [39] show how experts beliefs of a special
form can be directly encoded in the form of weight constraints.
Li et al. [28] present a robust conjugate duality theory for convex programming problems in the face of data uncertainty within the framework of
robust optimization, extending the powerful conjugate duality technique. As
an application, the authors of [28] derive a robust conjugate duality theorem
for support vector machines. The idea of the authors of [28] to represent the
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minimax optimization problem in the form of a single optimization problem
by means of the duality technique will be used in the present paper.
Authors of the work [29] propose a kernel density classifier which integrates
prior knowledge about measurement noise into system construction.
The intensive interest to the prior knowledge incorporation into classifier
stimulates us to develop the corresponding models applied to one-class classification (OCC) or to novelty detection. The OCC or novelty detection is
a special case of machine learning, which aims to detect novel or abnormal
(anomalous) instances [6, 7, 9, 10, 12, 35, 38, 41, 45, 46]. Comprehensive reviews
of OCC models are provided by several authors, for example, by Markou and
Singh [32], by Bartkowiak [2]. A typical feature of the models is that only unlabeled samples are available. One of the most common ways to define anomalies
is by saying that anomalies are not concentrated [37].
One of the ways to solve the OCC problem is to estimate a binary-valued
function f that is positive in a region where a density of examples is high,
and negative elsewhere. Sample points outside this region can be regarded as
anomalous observations.
We mark out three main approaches for constructing the OCC models in
the framework of SVM. The first approach is proposed by Tax and Duin [46,
45]. This is one of the well-known novelty detection models, which can be
regarded as an unsupervised learning problem. According to this approach,
the training of the one-class SVM consists in determining the smallest hypersphere containing training data. An alternative way to geometrically enclose
a fraction of the training data is via a hyperplane and its relationship to the
origin proposed by Scholkopf at el. [35, 38]. Under this approach, a hyperplane
is used to separate the training data from the origin with the maximal margin, i.e., the objective is to separate off the region containing the data points
from the surface region containing no data. The third approach which will be
extended in the paper is the linear programming approach to OCC proposed
by Campbell and Bennett [7]. The model proposed by Campbell and Bennett
uses linear programming techniques.
It should be noted that there are other interesting novelty detection models (see for instance, [5, 20, 24]). However, we study the third approach [7] and
modify or extend it in order to take into account prior knowledge about elements of a training set. Our main idea is to construct a set of robust imprecise
one-classification models using the framework of imprecise probabilities [54].
We assume that the empirical probability distribution accepted in many classification models, in particular, in the model proposed by Campbell and Bennett
[7], should be replaced by a set of probability distributions. Moreover, we restrict the set of probability distributions by distributions concentrated at data
points, i.e., every probability distribution is defined over data points from the
training set. In order to solve the classification problem, we select the “worst”
probability distribution from the set, which provides the largest value of the
expected risk. This choice corresponds to the minimax strategy in decision
making and can be interpreted as an insurance against the worst case [34].
The next problem is how to construct the set of probability distributions from
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prior knowledge. This problem is solved in the paper in a general form under
condition that prior information is represented in the form of interval-valued
expectations of some functions. This representation covers a lot of common estimates and judgments. For example, the information about intervals of probabilities can be represented by means of lower and upper expectations of the
indicator function. Comparative judgments can be written as the expectation
of difference of two functions which are defined by the judgments.
In order to illustrate how the classification problem can be solved in special
cases, we consider in detail, first, the ε-contaminated (robust) model [21] or
the imprecise linear-vacuous mixture model [54] and, second, known intervalvalued mean values and standard deviations of features or just their first two
moments. The second special case is very interesting because it demonstrates
a number of important and unexpected results. First of all, many experimental
studies show that prior knowledge of the first two moments allows us to construct OCC models which outperform Campbell and Bennett model for most
real data sets and for synthetic data. Second, we observe the following interesting property of the model. Suppose we do not have prior information, and we
compute the precise mean values and standard deviations of features just by
using the available training set. If we take some interval of mean values instead
of the precise sample mean value such that the precise mean value lies in the
interval, then the proposed robust imprecise model provides better results in
comparison with Campbell and Bennett model. It is an unexpected result because we do not explicitly incorporate any prior information from without. The
information results from the training set. Nevertheless, the proposed models
outperforms Campbell and Bennett model in this case for many data sets. It
is also important here that only imprecise information (for instance, intervals
of mean values) leads to the outperforming classification characteristics.
Two approaches are used to solve the minimax optimization problems. The
first approach is based on considering extreme points of the set of probability
distributions. This approach is especially useful when the extreme points are a
priori known for a statistical model producing the probability set. The second
approach is based on the powerful conjugate duality technique. This approach
is similar to those provided by Li et al. [28]. It is especially useful when the
number of extreme points is very large or when their search is a hard computation problem. Moreover, an important advantage of the dual form of the
corresponding optimization problem is that we do not need to assume that
features are statistically independent because we consider only joint probability distributions even if prior knowledge deals with separate features. The
assumption of statistical independence of features is criticized in the naı̈ve
Bayes classifier [57].
The paper is organized as follows. Section 2 presents the standard OCC
problem proposed by Campbell and Bennett [7]. Section 3 considers how
Campbell and Bennett’s OCC model can be extended when we have prior
knowledge. The section studies approaches to solve classification problems by
means of extreme points of the set of probability distributions and by means
of the duality technique. The robust contamination neighborhood model is
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incorporated into the OCC problem in Section 4. Interval-valued mean values and standard deviations as prior knowledge and their incorporation into
the classification model are studied in Section 5. Numerical experiments with
synthetic and some real data illustrating accuracy of the proposed model are
provided in Section 6. In Section 7, concluding remarks are made.

2 Campbell and Bennett’s novelty detection linear model
Suppose we have unlabeled training data x1 , ..., xn ⊂ X , where n is the number
of observations, X is some set, for instance, it is a compact subset of Rl . Let
D = {xi }ni=1 be drawn i.i.d. from a distribution on X . The sample space D is
finite and discrete. According to papers [35, 38], a well-known novelty detection
or OCC model aims to construct a function f which takes the value +1 in a
“small” region capturing most of the data points and −1 elsewhere. It can be
done by mapping the data into the feature space corresponding to a kernel
and by separating them from the origin with the maximum margin.
Let φ be a feature map X → G such that the data points are mapped into
an alternative higher-dimensional feature space G. In other words, this is a
map into an inner product space G such that the inner product in the image
of φ can be computed by evaluating some simple kernel K(x, y) = (φ(x), φ(y)),
such as the Gaussian kernel


2
K(x, y) = exp − kx − yk /γ 2 .
γ is the kernel parameter determining the geometrical structure of the mapped
samples in the kernel space. It is pointed out by [55] that the problem of
selecting a proper parameter γ is very important in classification. When a
very small γ is used (γ → 0), K(x, y) → 0 for all x 6= y and all mapped
samples tend to be orthogonal to each other, despite their class labels. In this
case, both between-class and within-class variations are very large. On the
other hand, when a very large γ is chosen (γ 2 → ∞), K(x, y) → 1 and all
mapped samples converge to a single point. This obviously is not desired in a
classification task. Therefore, a too large or too small γ will not result in more
separable samples in G.
We consider the linear programming approach to novelty detection proposed by Campbell and Bennett [7]. The authors start from the hard margin
case, when any training point xj lying outside some predefined surface restricted the training points is viewed as abnormal. This surface is defined
as the level
P set, f (z) = 0, of some nonlinear function. In feature space,
f (z) = i ϕi K(z, xi ) + b, this corresponds to a hyperplane which is pulled
onto the mapped data points with the restriction that the margin always remains positive or zero [7]. Here ϕ = (ϕn , ..., ϕn ) are parameters of the function
f in the feature space or Lagrange multipliers.
A criteria for constructing the optimal function f (z) proposed by Campbell
and Bennett is to minimize the mean value of the output of the function, i.e.,
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f (xi ). This is achieved by minimizing:


n
n
X
X

W (ϕ, b) =
ϕj K(xi , xj ) + b ,
i=1

j=1

subject to
n
X

ϕj K(xi , xj ) + b ≥ 0, i = 1, ..., n,

j=1
n
X

ϕi = 1, ϕi ≥ 0.

(1)

i=1

The bias b is just treated as an additional parameter in the minimization
process. The added constraints on ϕ restrict the class of models to be considered. As indicated by Campbell and Bennett [7], these constraints amount to a
choice of scale for the weight vector normal to the hyperplane in feature space
and hence do not impose a restriction on the model. Also, these constraints
ensure that the problem is well-posed and that an optimal solution with ϕ 6= 0
exists. Other constraints on the class of functions are possible, e.g. kϕk1 = 1
with no restriction on the sign of ϕi .
It is important to point out here that Campbell and Bennett propose to
use the mean value of the output of the function. It follows from the form of
W (ϕ, b) that the empirical probability distribution (1/n, ..., 1/n) is assumed
to get the mean value W (ϕ, b). The multiplier 1/n is omitted because it does
not change the optimization variables ϕ and b.
To handle noise and outliers a soft margin is introduced in analogy to the
usual approach used with support vector machines [12, 37, 40, 52]. In this case,
the following function has to be minimized:


n
n
n
X
X
1 X

ξi ,
W (ϕ, b) =
ϕj K(xi , xj ) + b +
vn i=1
i=1
j=1
subject to (1) and
n
X

ϕj K(xi , xj ) + b ≥ −ξi , ξi ≥ 0, i = 1, ..., n,

(2)

j=1

The parameter v ∈ [0; 1] controls the extent of margin errors (smaller v
means fewer outliers are ignored: v → 0 corresponds to the hard margin limit).
It is a parameter which is analogous to ν for the ν-SVM standard method
[12]. Slack variables ξ = (ξ1 , ..., ξn ) are used to allow points to violate margin
constraints.
We will shortly call Campbell and Bennett’s novelty detection model below
as C-B model.
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3 Extension of C-B model and sets of probability distributions
One can observe that the mean value W (ϕ, b) for the hard margin case as well
as for the soft margin is derived under assumption that every data point xi or
its function f (xi ) has the probability 1/n. This follows from the empirical expected risk definition provided by Vapnik [52]. When the training set is large,
this assumption can be accepted. However, it might be violated for a small
training set or when the portion of abnormal observations is rather large. Moreover, if we would have additional statistical information about training data,
for instance, the mean value of a feature, we can violate the strong assumption of the empirical probability distribution by means of this information.
An obvious way to incorporate prior knowledge into the classification model
is to relax this strong assumption and to allow probability distributions to be
arbitrary from some set of probability distributions P0 defined by prior information on X . However, this set contains infinitely many different probability
distributions and its use may lead to extremely hard computation problems.
Moreover, the set may contain the distributions which are unrealistic in a
considered applied problem. Efficient algorithms for solving the optimization
problems which are constructed with using the set P0 are given in detail in the
book [3]. Nevertheless, we propose to reduce the set P0 and to make it consisting of probability density functions concentrated on elements of the training
set x1 , ..., xn . The density at points which do not belong to the training set is
assumed to be 0. Every distribution in this new set can be viewed as a discrete
distribution defined on D, i.e., we can write p(xi ) = pi . We denote the set of
all discrete distributions p = (p1 , ..., pn ) as P. Under some initial conditions
for the set P, the distribution (1/n, ..., 1/n) may belong to P.
Robust models have been exploited in classification problems due to the
opportunity to avoid some strong assumptions underlying the standard classification models. As pointed out by Xu et al. [63], the use of robust optimization
in classification is not new. One of the popular robust classification models is
based on the assumption that inputs are subject to an additive noise, i.e.,
x∗i = xi + 4xi , where noise 4xi is governed by a certain distribution. The
simplest way for dealing with noise is to assume that every “true” data point
is only known to belong to the interior of an Euclidian ball centered at the
“nominal” data point xi . This model has a very clear intuitive geometric interpretation [3]. The robust classifier in this case is the one that maximizes
the radius of balls. In contrast to the above models, our idea of robust models
is based on relaxing strong assumptions about a probability distribution of
data points. While some robust models [3] assume that each point can move
around within an Euclidean ball, the proposed robust models assume that
the probability distribution of points (but not a data point itself) can move
around within a unit simplex under some restrictions. These restrictions depend on the applied imprecise statistical models and on the prior knowledge
incorporating into the model, and they produce the set P.
So, we do not know a “true” probability distribution p = (p1 , ..., pn ) of data
points, but we know that it belongs to a set of distributions P, i.e., p ∈ P.
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Then we define a set of mean values of the function f such that every element
of the set is the following expected value:
Ep f =

n
X

pi f (xi ).

i=1

The same can be written for the slack variables. Finally, we suppose that
the objective function W (ϕ, b) depends on the probability distribution p (denoted Wp (ϕ, b)), and it can be written as follows:


n
n
n
X
X
1X
pi ξi
Wp (ϕ, b) =
pi 
ϕj K(xi , xj ) + b +
v i=1
i=1
j=1


n
n
X
X
1
pi 
ϕj K(xi , xj ) + b + ξi  .
v
i=1
j=1
Note that we do not know the probability distribution p. This implies that
there is a set of Wp (ϕ, b) defined by the set P. The set of expectations can be
studied in frameworks of robust models [21] or imprecise models [54].
We assume below that the set P is convex, i.e., it is produced by finitely
many linear constraints. Then the set of Wp (ϕ, b) has some lower W (ϕ, b)
and upper W (ϕ, b) bounds due to convexity of the set P. Here W (ϕ, b) =
minp∈P Wp (ϕ, b) and W (ϕ, b) = maxp∈P Wp (ϕ, b). The upper bound determines the well-known minimax (pessimistic) strategy. According to the minimax strategy, a probability distribution is selected from the set P such that the
expected value Wp (ϕ, b) achieves its maximum W (ϕ, b) for every fixed ϕ, b. It
should be noted that the “optimal” probability distributions may be different
for different values of parameters ϕ, b. The minimax strategy can be explained
in a simple way. We do not know a precise probability distribution and every
distribution from P can be selected. Therefore, we should take the “worst”
distribution providing the largest value of the expected risk. The minimax
criterion can be interpreted as an insurance against the worst case because
it aims at minimizing the expected loss in the least favorable case [34]. This
criterion of decision making can be regarded as the well-known Γ -minimax [4,
18, 47]. The criterion is often given in terms of utilities. In this case, it is called
Γ -maximin.
Finally, we write the optimization problem corresponding to the minimax
strategy as follows:
W (ϕ, b) = min max
ϕ,b,ξ p∈P

subject to (1), (2) and p ∈ P.
Here
V (ϕ, b, xi ) =

n
X

n
X

pi V (ϕ, b, xi ),

i=1

1
ϕj K(xi , xj ) + b + ξi .
v
j=1

(3)
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The solution of the problem strictly depends on the set P. We can consider
two approaches to its solving.

3.1 Dual form for solving the problem
Let us consider the problem
WP = max
p∈P

n
X

pi V (ϕ, b, xi )

i=1

in detail. This is the primal form of the linear programming problem with
variables p. Due to its linearity, we can write its dual form. For doing that, we
suppose the set P is produced by a set of r constraints of the form:
ak ≤ Ep h ≤ ak , k = 1, ..., r.
Here h is some function of variables x1 , ..., xn , ak and ak are lower and
upper bounds for the expectation Ep h of a function h. For example, if we
restrict the probability or the weight of the k-th point by interval [ak , ak ],
then h(x) = 1k (xi ), i = 1, ..., n, is the indicator function taking the value 1
if k = i. If we know the mean value of the k-th feature, then h(x(k) ) = x,
where x(k) is the variable corresponding to the k-th feature. If it is known that
the probability of the k-th example is larger than the probability of the j-th
example, then this prior information is represented as the lower bound for the
expectation of function h(x) = 1k (xi )−1j (xi ), i = 1, ..., n, such that the lower
bound for the expectation is non-negative.
It should be noted that the lower and upper bounds may coincide in some
cases.
Denote vectors Hi = (h1 (xi ), ..., hr (xi )), A = (a1 , ..., ar ), A = (a1 , ..., ar ).
Let us introduce optimization variables C = (c1 , ..., cr )T , D = (d1 , ..., dr )T .
The dual problem can be written as follows:

WP = min c + AC − AD ,
c,C,D

subject to c ∈ R, C, D ∈

Rr+ ,

and

c + Hi (C − D) ≥ V (ϕ, b, xi ), i = 1, ..., n.
Here c, C, D are optimization
Pn variables. The variable c in the dual form
corresponds to the constraint i=1 pi = 1 in the primal form. The variables C
correspond to the constraints Ep h ≤ ak in the primal form, and the variables
D correspond to the constraints ak ≤ Ep h.
Now we have two optimization problems with the same objective function
c + AC − AD to be minimized. This implies that minimization over ϕ, b can
simply be combined with the dual optimization problem as follows:

c + AC − AD ,
(4)
min
c,C,D,ϕ,b,ξ
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subject to c ∈ R, C, D ∈ Rr+ , (1), (2) and
c + Hi (C − D) − V (ϕ, b, xi ) ≥ 0, i = 1, ..., n.

(5)

We obtain the linear optimization problem with variables c, C, D, ϕ, b, ξ.
When we know precise values ak of expectations Ep hk , then the problem
can be simplified as
min {c + AC} ,
(6)
c,C,ϕ,b,ξ

r

subject to c ∈ R, C ∈ R , (1), (2) and
c + Hi C − V (ϕ, b, xi ) ≥ 0, i = 1, ..., n.

(7)

One of the important advantages of the dual form of the classification model
is that we do not need to assume that features are statistically independent
because we consider only joint probability distributions even if prior knowledge
concerns separate features.

3.2 Extreme points for solving the problem
The approach using extreme points has been studied by Augustin [1] and
successfully applied to many problems (see, for instance, [51]). It can be very
useful when we can easy find extreme points of the set P denoted as E(P).
According to this approach, a new variable
G = max
p∈P

n
X

pi Vi (ϕ, b)

(8)

i=1

is introduced. Then problem (3) can be rewritten as
min G,

ϕ,b,ξ,G

(9)

subject to (1), (2) and
G≥

n
X

pi V (ϕ, b, xi ), ∀p ∈ P.

(10)

i=1

The above optimization problem contains infinitely many constraints (all
probability distributions in P). In order to overcome this difficulty, note, however, that the set of distributions P can be viewed as a simplex in a finite
dimensional space. According to some general results from linear programming theory, an optimal solution to the above problem is achieved at extreme
points E(P) of the simplex, and the number of its extreme points is finite. This
implies that the infinite set of constraints is reduced to a set with some finite
number of constraints, and standard routines for linear programming can be
used to determine the optimal solution.
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Moreover, the above optimization problem can be represented as a set of
t optimization problems where t is the P
number of extreme points in P. We
n
assume that there are no identical sums i=1 pi V (ϕ, b, xi ) by different p from
E(P). If this assumption is valid, then there is a probability distribution p
from E(P), say p(k) , such that there holds
G=

n
X

(k)

pi V (ϕ, b, xi ).

i=1

Here k is the number of an extreme point for which the above equality
is valid. This equality follows from the definition of the variable G given by
(8), which can be viewed as a linear optimization problem with variables p
restricted by the same set P with extreme points E(P).
This implies that problem (9)-(10) can be rewritten as the set of t linear
optimization problems
Wk (ϕ, b) = min

ϕ,b,ξ

n
X

(k)

pi V (ϕ, b, xi ),

(11)

i=1

subject to (1), (2).
Here k = 1, ..., n. Note that the largest value of G is chosen from all possible
its values. Therefore, the optimal values of variables ϕ, b, ξ correspond to the
largest value of Wk (ϕ, b).
It should be noted that the second approach requires to search all extreme
points. This is computationally hard task in some cases and may lead to solution of a huge number of linear optimization problems. The first approach
allows us to avoid this difficulty and to solve only one linear programming
problem.
Below, we will consider two important special cases of prior knowledge.
4 A robust contamination neighborhood model
One of the well-known classes of robust models is based on relaxing strong
assumptions about a probability distribution of data points. It calls the εcontaminated (robust) model ([21]). The model is constructed by eliciting
a Bayesian prior distribution p = (1/n, ..., 1/n) as an estimate of the true
prior distribution. The ε-contaminated model is a class of probabilities which
for fixed ε ∈ (0, 1) and pi is the set P(ε) = {(1 − ε)/n + εqi }, where q =
(q1 , ..., qn ) satisfies the conditions q1 + ... + qn = 1, qi ≥ 0, i = 1, ..., n. The
rate ε reflect the amount of uncertainty in p [4]. The choice of the probability
distributions q totally defines the contaminated model. Walley [54] proposed
the imprecise linear-vacuous mixture model for which the distribution q is
assumed to be arbitrary, i.e., it can be arbitrary from the unit simplex denoted
by S(1, n). According to this model, for 0 < ε < 1, P(ε) is the set of all
probabilities with the lower bound (1−ε)/n and the upper bound (1−ε)/n+ε.
Of course, the assumption that q is restricted by the unit simplex S(1, n) is
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one of possible types of the ε-contaminated model. Generally, there are a lot
of different assumptions which produce specific robust models.
4.1 Extreme points
Let us find extreme points of the set P(ε) produced by the imprecise linearvacuous mixture model. Extreme points of the simplex S(1, n) are of the form:
(1, 0, ..., 0), (0, 1, ..., 0), ..., (0, 0, ..., 1).

(12)

Hence, we get extreme points of the set P(ε) as


1−ε
1−ε
1−ε
+ ε,
, ...,
,
n
n
n


1−ε 1−ε
1−ε
,
+ ε, ...,
, ...,
n
n
n


1−ε 1−ε
1−ε
,
, ...,
+ε .
n
n
n
Then we can rewrite constraints (10) by taking into account the set of the
above extreme points
n

G≥

1−εX
V (ϕ, b, xi ) + εV (ϕ, b, xk ), k = 1, ..., n.
n i=1

(13)

So, we obtain the linear programming problem with the objective function
(9) and n constraints (13), 3n + 1 constraints (1), (2). It is obvious that the
above problem can be replaced by n linear programming problems
!
n
1−εX
V (ϕ, b, xi ) + εV (ϕ, b, xk ) ,
Zk (ϕ, b) = min
ϕ,b,ξ
n i=1
subject to (1), (2).
From all optimal values Zk (ϕ, b), k = 1, ..., n, we take the largest one.
4.2 Dual problem
It should be noted that the same problem can be solved by means of the dual
form approach. Indeed, the set P(ε) is produced by constraints p1 +...+pn = 1
and
(1 − ε}/n ≤ pi ≤ (1 − ε}/n + ε.
Hence, hk (i) = 1k (i), ak = (1 − ε)/n, ak = (1 − ε)/n + ε, k = 1, ..., n. Here
1k (i) is the indicator function taking the value 1 if k = i. The dual problem
is of the form:
(
)

X
n
n
1−ε
1−ε X
W (ϕ, b) =
min
c+
+ε
ck −
dk
c,C,D,ϕ,b,ξ
n
n
k=1

k=1
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subject to ck ≥ 0, dk ≥ 0, k = 1, ..., n, (1), (2) and
c + ck − dk ≥ V (ϕ, b, xk ), k = 1, ..., n.
Here the number of constraints can be decreased by introducing new variables G = C − D. Then there holds
)
(
n
n
X
1−ε X
gk
W (ϕ, b) =
min
c+ε
ck +
c,C,G,ϕ,b,ξ
n
k=1

k=1

subject to ck ≥ 0, k = 1, ..., n, (1), (2) and
c + gk ≥ V (ϕ, b, xk ), k = 1, ..., n.
It can be seen from the above problem that ck = 0 for all k = 1, ..., n. This
implies that
(
)
n
1−ε X
W (ϕ, b) = min
gk
c+
c,G,ϕ,b,ξ
n
k=1

subject to (1), (2) and
c + gk ≥ V (ϕ, b, xk ), k = 1, ..., n.
Finally, we have two algorithms for computing optimal parameters ϕi ,
i = 1, ..., n, and b of the linear OCC model. Every algorithm has virtues and
shortcomings. The algorithm using the duality technique requires to solve a
single optimization problem with 4n + 1 constraints and 2n + 2 variables. The
algorithm based on extreme points requires to solve n linear programming
problems with 3n + 1 constraints and 2n + 1 variables.

5 Known mean values and second moments
So far we have studied the case when extreme points of P can simply be found.
In this case, both approaches (extreme points and the dual form) are efficient
and can be implemented. However, there are a lot of judgments which restrict
the set P in such a way that it is very difficult to find and to enumerate its
extreme points. In this case, we should use only the dual form approach. Below
we consider one of such cases when we know mean values and second moments
of some features. It is interesting to note that this information allows us to
construct the lower and upper bounds for the cumulative distribution function
by using the Chebychev-Cantelli inequality [8] which is also known as the onesided version of Chebyshev’s inequality. However, we apply another way to
solving the classification problem, which is simple and efficient. Moreover, the
proposed way does not use the condition of feature independence, which is
often criticized in Naive Bayes classification models.
So, we suppose now that the mean values of some features and their second
moments are known. Denote the sets of l feature indices whose mean values
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mk are known by J and whose standard deviations σk2 or second moments
σk2 + m2k are known by K, respectively, i.e., there hold
J = {k ∈ {1, ..., l} : mk is known},
K = {k ∈ {1, ..., l} : σk is known}.
In particular, J = K when we simultaneously know the first and the second
moments of features.
Note that the moments of the k-th feature can be represented in the form
of expectations with respect to the distribution p as follows:
mk = Ep x

(k)

=

n
X

(k)

xi pi ,

i=1



σk2 = Ep x(k)

2

− m2k .

Then there holds

2
Ep x(k) = σk2 + m2k .
We may have imprecise information about mk in the form of interval
[mk , mk ]. The same can be said about the interval of standard deviations
[σ k , σ k ]. In this case, the lower and upper second moments are


2
2
Ep x(k) = σ 2k + m2k , Ep x(k) = σ 2k + m2k .
In spite of a certain incorrectness of the above bounds for the interval of
second moments, we will use them because they include the correct bounds,
i.e., they can be regarded as an approximation of the interval-valued second
moment.
Hence, we can write the following linear programming problem (see the
dual optimization problem (6)-(7)):
(
min
∗ ∗

c,ck ,ak ,ck ,ak ,ϕ,b,ξ

c+

X

(mk ck − mk c∗k )

k∈J

)
+

X

X


σ 2k + m2k ak −
σ 2k + m2k a∗k

,

k∈K

k∈K

subject to c ∈ R, ck , ak , c∗k , a∗k ∈ R+ , (1), (2) and
c+

X
k∈J

(k)

xi (ck − c∗k ) +

X

(k)

xi

2

(ak − a∗k ) − V (ϕ, b, xi ) ≥ 0, i = 1, ..., n.

k∈K

In particular, if we have precise values of mk and σk2 , then there holds:
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(
min

c,C,D,ϕ,b,ξ

c+

)
X

mk ck +

k∈J

X

σk2

+

m2k



ak

,

k∈K

subject to c, ck , ak ∈ R, (1), (2) and
c+

X
k∈J

(k)

x i ck +

X

(k)

xi

2

ak − V (ϕ, b, xi ) ≥ 0, i = 1, ..., n.

k∈K

6 Numerical experiments
The models proposed in this paper are illustrated via several examples, all
computations have been performed using the statistical software R. We investigate the performance of the proposed model and compare it with C-B model
by considering the accuracy (ACC), which is the proportion of correctly classified cases on a sample of data and is often used to quantify the predictive
performance of classification methods. ACC is an estimate of a classifier’s
probability of a correct response, and it is an important statistical measure of
the classifier performance. ACC can formally be written as
n

1X
(I(yi · f (xi ) ≥ 0)) ,
ACC =
n i=1
where yi is the label of the i-th test example xi ; I(·) is the indicator function.
The labels yi are unknown for the classifier. However, in order to evaluate it,
testing examples are divided into two classes whose labels are −1 for abnormal
examples and 1 for other examples.
We will denote the accuracy measure for models using the proposed method
as ACCimp , C-B model as ACCCB . For some experiments, we compare the
proposed model with the well known model provided by Scholkopf at el. [38],
whose accuracy measure is denoted as ACCS .
All experiments use a standard Gaussian radial basis function (RBF) kernel
with the kernel parameter γ. Different values for the parameter γ have been
tested, choosing those leading to the best results.
We consider the performance of our method with synthetic data having
two features x1 and x2 . The training set consisting of two subsets is generated
in accordance with the normal probability distributions such that N1 = (1 −
ε0 )N examples (the first subset) are generated with mean values m(1) =
(m1 (1), m2 (1)), and N2 = ε0 N examples (the second subset) have mean values
m(2) = (m1 (2), m2 (2)). The standard deviation is σ = 2 for both subsets
and both features. Here ε0 is a portion of abnormal examples in the training
set, m1 (i), m2 (i) are mean values of the first and the second features. The
parameters ν and ε0 are 0.2 and 0.8, respectively.
For all experiments with synthetic data, we use the additional information
in the form of the lower m and upper m mean values and the precise σ standard
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Table 1 The classification performance by different values of n
n
10
20
30
40
50
60
70
80
90
100

ACCimp
0.814
0.862
0.871
0.86
0.907
0.897
0.909
0.906
0.924
0.913

ACCCB
0.732
0.73
0.717
0.696
0.727
0.727
0.713
0.718
0.714
0.73

deviation of features. It is important to point out here that the random observations are generated with respect to the normal probability distributions with
mean values m(1) = (4, 4), m(2) = (12, 12) and standard deviations σ = 2. It
is supposed that this information is just for generating random observations,
and it is unknown for the classifier. But the lower and upper mean values and
standard deviations for the whole sample as prior additional information for
the proposed classification model is provided before classifying. This information does not imply that m(1), m(2) must be in the interval [m, m]. By means
of values m, m and the sample standard deviation we try to “guess” the values
m(1), m(2), σ, respectively, but not to copy them.
First, we investigate how the accuracy measures depend on the number of
examples in the training set. We accept m = 3.5 and m = 4. The parameter
γ is 32. One can see from Table 1 and from Fig. 1 that the proposed model
outperforms the C-B novelty detection model for all n from 10 to 100. The
solid curve with triangle markers in Fig. 1 corresponds to the proposed model
and the dashed curve with round markers corresponds to the C-B model.
This implies that the assumption of the empirical probability distribution of
examples accepted in the C-B novelty detection provides inferior accuracy in
comparison with the knowledge of interval-value mean values and standard
deviation.
Contours f (x) = 0 and generated data points with the above parameters
shown in Fig. 2 illustrate how numbers of examples in a training set impact on
the form of contours. Pictures (a), (b), (c), (d), (e), (f) in Fig. 2 correspond to
the proposed model (thick curve) and the C-B model (thin curve) by n = 10,
20, 30, 40, 50, 60, respectively. It is clearly seen from pictures that prior information about mean values and standard deviations leads to contours which
cover mainly normal examples. In contrast to the proposed model, C-B model
provides worse results. One can see from Fig. 2 that contours corresponding
to C-B model cover many abnormal points.
Second, we investigate how the accuracy measure for the proposed model
depends on the interval [m, m]. The simulation results are shown in Table
2. We use index 1 for the accuracy measure of the proposed model (see the
third column in Table 2). The parameter γ is 32. We have to also note that
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ACCCB = 0.687 and ACCS = 0.622. The above measures do not depend on
the interval [m, m] and on knowledge of mean values. It can be seen from
the table that there are some values of the lower and upper mean values
as well as the width m − m of the interval for which the accuracy measure
ACCimp1 is the largest one. It is 0.868 for intervals with upper bound 4 and
for the width of the interval larger than 1. It can be explained as follows.
Note that the value 4 of the mean value is taken for generating the random
normal examples. The abnormal examples having the mean value 12 bias the
mean value of the whole training set. As a result, the standard C-B model
“covers” some number of abnormal examples taking them into account. By
reducing the lower mean value (by taking the lower bound to be 3, 2, 1, 0),
we try to correct the probability distribution functions produced by the given
information in the form of mean values and standard deviations. Contours
f (x) = 0 and generated data points with the above parameters shown in
Fig. 3 illustrate how the interval of mean values [m, m] impact on the form
of contours. Pictures (a), (b), (c), (d) in Fig. 3 correspond to the proposed
model (thick curve) and the C-B model (thin curve) by [m, m] = [4; 4], [3; 4],
[2; 4], [2; 5], respectively. One can see from pictures that too precise information
(interval [4; 4]) may lead to the worse results. The same can be said about too
imprecise information (interval [2; 5]). This is a very interesting observation.
On the one hand, we should not use the precise mean values. Only imprecise
estimates of mean values lead to outperforming results. On the other hand,
the large imprecision of mean values may lead to the overcautious solution
which reduces the classifier quality. However, the proper choice of the interval
of mean values provides the largest accuracy measure.
So far we have evaluated the proposed model by using the same normal
probability distribution of abnormal observations. Now we consider how the
accuracy measure for the proposed model depends on the interval of mean
values when abnormal observations are governed by the uniform probability
distributions U (a, b) where a and b are the lower and upper bounds of the
distribution’s support. We take a = −8 and b = 16 for both features such that
their mean values (4, 4) coincide with the mean values of normal examples.
The sample standard deviation of all examples is about 3 for both features.
The parameter γ is 22. The simulation results are shown in Table 2 (the fourth
column, ACCimp2 ). We use index 2 for the accuracy measure of the proposed
model. The corresponding accuracy measures for C-B model and for the model
proposed by Scholkopf at el. [38] are ACCCB = 0.875 and ACCS = 0.748, respectively. One can see from Table 2 that the proposed model outperforms
C-B model almost for all interval-valued mean values. However, the difference
between ACCimp2 and ACCCB is not so large as in the previous example
because, by taking the uniform probability distributions of the abnormal examples with the mean values (4, 4) of features, we in fact reduce the value of
ε0 .
The proposed model has been evaluated and investigated by the following
publicly available data sets: Iris, Mammographic masses, Parkinsons, Indian
Liver Patient Dataset, Lung cancer, Breast tissue. All data sets are from the
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Table 2 The classification performance by different lower and upper mean values of features
m
4
3.5
3
2
1
0
4
3
2
2

m
4
4
4
4
4
4
5
5
5
6

ACCimp1
0.632
0.867
0.868
0.868
0.868
0.868
0.838
0.838
0.838
0.801

ACCimp2
0.806
0.898
0.898
0.898
0.898
0.898
0.894
0.894
0.894
0.890

UCI Machine Learning Repository [15]. The following is a brief introduction
about these datasets, while more detailed information can be found from,
respectively, the data resources.
Iris data set contains 3 classes (Iris Setosa, Iris Versicolour, Iris Virginica)
of 50 instances each. The number of features is 4 (sepal length, sepal width,
petal length, petal width). It is supposed that data points from the Iris Setosa
class are abnormal, i.e., the number of abnormal examples is 30.
Mammographic masses (MM) data set contains 961 instances characterized by 4 predictive features (age, shape, margin, density). Classes correspond
to severity (benign and malignant). We attribute the malignant instances to
abnormal observations because their number 445 smaller than the number of
benign instances
Parkinsons data set is composed of a range of biomedical voice measurements from healthy people and people with Parkinsons disease. It contains 195
instances characterized by 23 predictive features, including the average vocal
fundamental frequency, maximum and minimum vocal fundamental frequencies, several measures of variation, etc. We attribute 48 instances corresponding to healthy people to abnormal observations.
Indian Liver Patient Dataset (ILPD) contains 416 liver patient records
and 167 non-liver patient records characterized by 10 predictive features (Age
of the patient, Gender, Total Bilirubin, Direct Bilirubin, Alkaline Phosphotase, Alamine Aminotransferase, Aspartate Aminotransferase, Total Protiens,
Albumin, Ratio Albumin and Globulin Ratio). Non-liver patient records are
viewed as abnormal.
Lung cancer data set describes 3 types of pathological lung cancers. It
contains 32 instances having 57 predictive features. All predictive attributes
are nominal, taking on integer values from 0 to 3. 9 instances corresponding
to the first type of pathological lung cancers are viewed as abnormal.
Breast tissue data set contains 106 instances characterized by 9 numericalvalued features. Every instance corresponds to one of the six classes of the
freshly excised tissue studied using electrical impedance measurements: carcinoma, fibro-adenoma, mastopathy, glandular, connective, adipose. The first
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Table 3 Initial data for comparison of the proposed model with C-B model
Iris
MM
Parkinsons
ILPD
Lung cancer
Breast tissue

γ
7
3.2
32
16
10
71

v
0.3
0.4
0.2
0.01
0.1
0.05

m1
5
3
150
40
0.03
700

m1
7
7
160
50
0.04
800

m2
2
50
190
0.2
2
0.1

m2
4
60
200
0.3
3
0.2

σ1
0.83
1.78
41.4
16.2
0.18
754

σ2
0.43
14.4
91.5
0.43
0.55
0.07

Table 4 The classification performance for different data sets
Iris
MM
Parkinsons
ILPD
Lung cancer
Breast tissue

ACCimp
0.853
0.563
0.738
0.719
0.594
0.66

ACCCB
0.66
0.537
0.641
0.659
0.719
0.632

two classes (carcinoma, fibro-adenoma) are contain 36 instances and are labeled as negative (y = −1).
Parameters for evaluating the models are given in Table 3. They are provided in order to have an opportunity to repeat the experiments. Parameters
γ and v have been changed in order to maximize the accuracy measure. For
the first and the second features, we calculate their sample means and sample
standard deviations, i.e., it is assumed that J = 2. Then we take the lower
and upper mean values of every feature such that the sample mean lies in the
interval [mi , mi ], i = 1, 2. The standard deviations are taken precise such that
they coincide with the sample standard deviations. In spite of the fact that
the number of features in every data set is larger than 2, we assume that there
is information in the form of interval-valued expectations and standard deviations only about two features for short. The corresponding accuracy measures
for the above data sets are shown in Table 4. One can see that the accuracy
measure of the proposed model outperforms the same measure of C-B model
almost for all data sets except for Lung cancer data set. It is interesting to
note that the balance of ACCimp and ACCCB for Lung cancer data set does
not change for various values of parameters. The largest difference between
accuracy measures of two models takes place for Iris data set.
Another part of experiments is devoted to analysis of Walley’s linearvacuous mixture model. According to this model, the corresponding classifier
deals with the set P(ε) of probability distributions produced by the linearvacuous mixture model or the ε-contaminated model. The information we
have is the contamination parameter ε. We investigate how the accuracy measures of the classifiers depend on parameters ε, ε0 and n. We are interesting to
find out whether there is a relationship between the portion of contaminated
examples ε0 and the parameter ε or not. We have to mention here that ε0 is
a parameter of generated data, and ε is the classification model parameter.
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Table 5 The classification performance by different values of n, ε0 and by ε = 0.2
ε0
0.1
0.2
0.3
0.4

n = 20
Imp
CB
0.779
0.777
0.745
0.739
0.660
0.655
0.576
0.581

n = 30
Imp
CB
0.796
0.785
0.709
0.703
0.656
0.650
0.573
0.576

n = 40
Imp
CB
0.801
0.789
0.729
0.720
0.667
0.660
0.579
0.587

n = 50
Imp
CB
0.800
0.790
0.726
0.716
0.643
0.651
0.596
0.593

Table 6 The classification performance by different values of n, ε0 and by ε = 0.2
ε0
0.1
0.2
0.3
0.4

n = 20
Imp
CB
0.776
0.777
0.743
0.739
0.660
0.655
0.576
0.581

n = 30
Imp
CB
0.786
0.785
0.727
0.703
0.652
0.650
0.566
0.576

n = 40
Imp
CB
0.779
0.789
0.718
0.720
0.639
0.660
0.588
0.587

n = 50
Imp
CB
0.795
0.790
0.735
0.716
0.652
0.651
0.599
0.593

Again we exploit synthetic data having two features x1 and x2 and the parameters which have been used in experiments with the known mean values and
standard deviations, i.e., m(1) = (4, 4), m(2) = (12, 12) and σ = 2. The parameter γ is 32. Typical contours f (x) = 0 and n = 40 generated data points
with the above parameters are shown Fig.4 where pictures (a), (b), (c), (d),
(e), (f) correspond to the proposed model (thick curve) and the C-B model
(dashed curve) by ε = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, respectively.
The accuracy measures of the proposed model and C-B model by ε = 0.2
are shown in Table 5. We can see from the table that the proposed model
provides better results in comparison with C-B model for most values of ε0
and n. At the same time, the largest difference between accuracy measures
ACCimp − ACCC-B takes place for ε0 = 0.1 or 0.2. Moreover, one can see that
the accuracy measure of C-B model is larger than the same measure of the
proposed model in some cases of large values of ε0 , for example, ε0 = 0.4. The
accuracy measures of the proposed model and C-B model by ε = 0.4 are shown
in Table 6. One can see from the table that results provided by the proposed
model become better for ε0 = 0.3 or 0.4. We can conclude from these results
that the quality of the proposed model depends on the relationship between
ε0 and ε. The largest accuracy is achieved when the values of ε0 and ε are
close to each other.

7 Conclusion
Robust OCC models have been proposed in the paper, which are based on incorporating prior knowledge into Campbell and Bennett linear model using the
imprecise statistical models instead of the empirical probability distribution
accepted in the standard SVM. The models are represented in two forms. The
first form uses extreme points of the set of probability distributions produced
by an imprecise statistical model, for example, by the imprecise linear-vacuous
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mixture model [54]. The second form is based on the powerful conjugate duality
technique [28]. Both the forms have virtues and shortcomings which depend on
the application problem. Classification parameters of every model are obtained
by solving a finite set of simple linear programming problems (models based on
extreme points) or a single linear problem (models based on the duality technique). The algorithm for computing the optimal parameters of every OCC
model can be easily implemented with standard functions of the statistical
software package R. The proposed approaches for constructing OCC models
are rather general because they allow us to construct various algorithms by
applying different imprecise statistical models or different prior knowledge.
One of the advantages of the proposed OCC models is that they reflect
the possible violation of too strong assumptions about uniformity of the probability mass function of data points accepted in the standard approach. This
violation is taken into account by considering the set of probability distributions. This implies that the proposed models can be successfully applied to
noisy data and to problems when there is a small training set.
The most interesting case of prior knowledge in the form of the intervalvalued first and second moments is based on using the duality technique.
Experimental studies have illustrated that the proposed model with such the
prior information outperforms C-B model in most cases. At the same time,
it is difficult to call the information incorporated into proposed model in the
experiments (Section 6) by prior information because it is computed from
the available training set. Indeed, we took the lower mi and upper mi mean
values of every feature in examples with real data sets such that its sample
mean lies in the interval [mi , mi ]. The standard deviations were taken precise
coinciding with the sample standard deviations. The fact of outperforming
of the proposed model and the successful experimental studies open ways to
develop a series of classification models using “internal” information as prior
knowledge.
Another important direction for future work is to study and develop robust
classification models based on incorporating prior knowledge different from
those considered in the paper, for example, imprecise comparative judgements,
imprecise second-order uncertainty models [48–50]. Finally, it is also worth
noticing that the proposed models can easily be extended on the case of binary
or multi-class classification.
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